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Abstract
This is the first in a series of papers, in which we compute the third-order QCD cor-
rections to top-antitop production near threshold in e+e− collisions. The present
paper provides a detailed outline of the strategy of computation in the framework
of non-relativistic effective theory and the threshold expansion, applicable more
generally to heavy-quark pair production near threshold. It summarizes match-
ing coefficients and potentials relevant to the next-to-next-to-next-to-leading order
and ends with the master formula for the computation of the third-order Green
function. The master formula is evaluated in part II of the series.
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1 Introduction
Many of the most accurate heavy-quark mass determinations are related to the spectral
functions of the heavy-quark vector current, which can be measured in e+e− collisions.
The energy region near the pair production threshold is particularly sensitive to the
mass value. The bottom and charm masses are usually inferred from suitable averages
of the pair production cross section. Looking to the future, the measurement of the top
quark pair production cross section in the threshold region at the planned International
Linear Collider (ILC) would lead to a very precise knowledge of the top mass directly
from the energy dependence of the cross section, even though the toponium resonances
are smeared out due to the large top quark width [1]. To put this into perspective,
the current top mass value from direct production at the Fermilab Tevatron is mt =
173.18±0.56 (stat.)±0.75 (syst.) GeV [2], and mt = 173.3±0.5 (stat.)±1.3 (syst.) GeV
from the Large Hadron Collider (LHC) run at 7TeV centre-of-mass energy [3]. A less
precise value can be obtained from the total production cross section as illustrated for
example in [4]. Further reduction of the uncertainty below the one of the Tevatron
result is very difficult due to the complicated theoretical systematics of top jet mass
reconstruction at hadron colliders. The above numbers should be compared to a precision
of 30MeV that can be achieved experimentally [5,6,7] from the tt¯ threshold scan at the
ILC. In particular, while it is not evident which renormalized top mass parameter is
determined with the quoted accuracy at the Tevatron and LHC, the threshold cross
section in e+e− collisions provides an observable that can be unambiguously related to
a particular top mass definition.
Aside from determining a fundamental parameter of the Standard Model (SM), ac-
curate top mass measurements are of interest for extrapolating the SM or its TeV scale
extension to higher energies, either in the context of “electroweak precision tests” or a
theory of the Yukawa couplings. Furthermore, the recent discovery of a Higgs boson
[8,9] with a mass of about 125GeV if interpreted as the SM Higgs boson determines the
Higgs self-coupling and leads to the conclusion that the SM vacuum becomes metastable
at scales above 1010GeV [10]. The precise value of this scale turns out to depend very
sensitively on the value of the top quark mass. Finally, the absence of any hint on physics
beyond the SM in high-energy collisions at LHC has renewed the interest in perform-
ing precision measurements of properties of SM particles, including the top quark mass,
width and Yukawa coupling. Measurements at the top pair production threshold are
uniquely suited for this purpose.
The challenge is thus to calculate the heavy-quark1 spectral functions precisely in the
threshold region. This kinematic region is characterized by two features, which make the
theoretical calculation of QCD corrections rather different from standard loop calcula-
tions: the small three-velocity v of the heavy quarks, which allows to expand Feynman
diagrams in v rather than calculate them exactly, and the strong colour-Coulomb force,
1In the following we will often refer to the heavy quark as the “top quark”, since this covers the most
general case. For charm and bottom quarks, one simply sets the decay width Γ to zero in the top-quark
expressions.
1
which on the other hand requires certain diagrams to be summed to all orders in the
strong coupling αs similar to bound-state calculations in quantum electrodynamics. The
expansion of the cross section relative to the ultra-relativistic point-particle cross section
σ0 is then organized as
R = σtt¯/σ0 ∼ v
∑
k
(αs
v
)k
{1(LO); αs, v (NLO); α2s, αsv, v2(NNLO);
α3s, α
2
sv, αsv
2, v3(NNNLO); . . .}, (1.1)
where the overall factor of v arises from the phase-space of the two produced massive
particles, and the order of the various terms is indicated explicitly. To perform the
expansion and the required summation of perturbation theory to all orders beyond the
next-to-leading order (NLO), non-relativistic effective field theory [11,12,13] and the
threshold expansion of Feynman diagrams [14] are the methods of choice. The cross
section is then obtained from the expression2
R = 12πe2t Im
[
Nc
2m2
(
cv
[
cv − E
m
(
cv +
dv
3
)]
G(E) + . . .
)]
, (1.2)
where cv, dv denote certain relativistic matching corrections, E =
√
s− 2m, Nc = 3 the
number of colours, and G(E) represents a two-point function of heavy-quark currents in
the non-relativistic effective theory. The purpose of this paper is to present results of the
part of the third-order (NNNLO) QCD corrections to the heavy quark anti-quark pair
production cross section near threshold related to the correlation function G(E), which
contains the all-order summation. Since this concludes the non-relativistic third-order
calculation, we also present details of the methods and calculations that have been used
but not given in earlier publications.
For the top pair production threshold the leading order (LO) and next-to-leading or-
der (NLO) approximations to the cross section (1.1) have been examined long ago [15,16,17].
Several other aspects of the threshold such as top momentum distributions and polar-
ization have been computed at this order [18,19,20,21]. Beyond NLO, matching the non-
relativistic approximation to QCD is non-trivial, because the separation between rela-
tivistic and non-relativistic physics is no longer unambiguous. A consistent field theoret-
ical approach based on non-relativistic effective QCD is now required. The second-order
(NNLO) QCD corrections to the total pair production cross section have been computed
in this framework about ten years ago [22,23,24,25,26,27,28] and turned out to be surpris-
ingly large even for top quarks. While some of the large corrections can be understood
as being due to mass renormalization [29], and can be avoided by a change of renormal-
ization convention, there remains an apparently slow convergence of successive approx-
imations to the normalization of the cross section, which necessitates the calculation of
the NNNLO term. An alternative approach that sums logarithms of v has also been pur-
sued, and an improvement of convergence has been found in a (still partially incomplete)
2Neglecting here the contributions from Z-boson exchange. See section 2 for the full expression.
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next-to-next-to-leading logarithmic (NNLL) approximation [30,31,32,33]. Nonetheless,
the NNNLO non-logarithmic terms not included in the NNLL approximation are required
to be certain that the theoretical calculation is sufficiently accurate for the proposed mass
measurement at the ILC. This is the main motivation for the present work. Over the
past years a significant number of results relevant to a NNNLO calculation or partial
results for third-order quarkonium energy levels and wave-functions at the origin have al-
ready appeared [34,35,36,37,38,39,40,41,42,43,44,45,46,47,48,49,50,51,52,53,54,55,56,57].
In the following we summarize the status of the NNNLO top cross section calculation,
the contribution of the present paper, and what remains to be done to complete the
NNNLO calculation.
Matching calculations
While the resummed cross section is calculated in an effective field theory (EFT), a
number of matching calculations has to be performed to guarantee that the EFT repro-
duces QCD to the required accuracy. This is done in two steps. Hard matching (scale
k ∼ m) yields the coefficients of the non-relativistic QCD (NRQCD) interactions and
heavy-quark currents; soft matching (scale k ∼ mv) the quark-anti-quark potentials. At
NNNLO the coefficients of several subleading NRQCD interactions must be determined
with one-loop precision. This calculation has been performed in [58]. However, as shall
be explained, the calculation of the cross section requires the O(ǫ) terms of the coefficient
functions. We therefore repeated the NRQCD matching calculation, confirm the results
of [58] and provide the expressions for the O(ǫ) terms in this paper (see also [59]). Hard
matching of the non-relativistic currents at NNNLO is needed at the one-loop level for
the sub-leading currents and at the three-loop level for the leading current. The former
are known [60], and will be rederived in the present paper, but only the fermionic contri-
butions to the three-loop matching coefficient c3 have been calculated up to now [47]. As
discussed in [51], the incomplete result for c3 presently constitutes the most important
missing NNNLO contribution to the cross section.
As concerns soft matching, the potentials of order 1/(m2r3) must be determined
with one-loop precision, the 1/(mr2) potential with two-loop precision, and the 1/r
Coulomb potential at three loops, since r counts as the Bohr radius 1/(mαs). Except
for the Coulomb potential, the coefficients of the other potentials have been calculated
in [40,41], but again these results are not sufficient for the cross section calculations,
since the O(ǫ) terms of all these potentials are needed. We repeated the calculation of
the one-loop 1/(m2r3) potentials, confirm the results of [41] and provide the expressions
for the O(ǫ) terms in this paper (see also [59]). The O(ǫ) term of the two-loop 1/(mr2)
potential coefficient b2 remains presently unknown. As concerns the three-loop Coulomb
potential, the fermionic contributions to the three-loop coefficient a3 have been calculated
first in [53] and the full result is now also known [55,56].
To summarize: the matching coefficients required for the NNNLO calculation of
the heavy-quark production cross section near threshold are known except for the non-
fermionic contributions to c3, and the O(ǫ) terms of b2. Out of these, only c3 is expected
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to have a major impact on the final result [48,51]. Work on these missing contributions
is in progress.
Matrix element calculations
After matching the heavy-quark currents and Lagrangians the cross section calculation
is mapped to the calculation of the imaginary part of the two-point function G(E) of
non-relativistic currents in (1.2). The leading-order colour Coulomb potential is now part
of the leading-order effective Lagrangian, since the Coulomb interaction is strong near
threshold. The propagators to be used in the perturbative calculation of the two-point
function are the Coulomb Green functions, making this part of the computation similar
to QED bound-state problems. The calculation can be divided into three parts: contri-
butions up to the third order involving only the Coulomb potential, already completed
in [45]; the ultrasoft contribution, appearing first at NNNLO, which has been computed
in [52]; and finally, contributions involving at least one potential other than the Coulomb
potential (“non-Coulomb potential contribution”), which are not yet known.
The main result of this paper is the missing non-Coulomb potential contribution.
Compared to the Coulomb contributions the major complication is the singular nature
of the potential insertions. The ultraviolet divergences must be regulated in dimensional
regularization in a scheme consistent with the calculation of the matching coefficients
order by order in the strong coupling, while retaining the resummation of infinitely many
Coulomb gluon exchanges by the use of Coulomb Green functions, whose d-dimensional
expression is unknown. The techniques we apply are an extension of those used in
the NNLO calculation [24]. Since the method of that calculation was never written up
(though some results are scattered in [32,45]), we devote some effort to presenting the
third-order calculation in some technical detail.
In addition to the dominant production of the top-quark pair though a virtual photon
there is also a Z-boson contribution. The contribution from the vector-coupling of the
Z is trivially inferred from the photon-mediated cross section, while the axial-vector
coupling contribution is suppressed near threshold and begins only at NNLO. Thus,
only the first-order correction to the axial-vector in non-relativistic perturbation theory
is needed. Some results at this order are available [28,61,62], but none of these results are
given in dimensional regularization. We recalculated these small contributions, and will
present them elsewhere, since in this paper we focus on the missing third-order terms in
the vector current contribution.
To summarize: together with the results of this paper, the matrix element calculation
is complete to NNNLO.
Electroweak and electromagnetic corrections
Much less work has been done on electroweak and electromagnetic corrections. Count-
ing the electromagnetic and electroweak coupling as two powers of the strong coupling,
electromagnetic corrections contribute from NLO through the electromagnetic Coulomb
potential. This effect is easily included and has been discussed in [32,63,64]. Electroweak
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contributions to the matching coefficients of NRQCD currents and production operators
have been calculated in [65,66,67,68,69]. The formalism for calculating initial-state radi-
ation, and soft and collinear photon corrections in general, simultaneous with summing
Coulomb exchange has been worked out in [70] forW -boson pair production. Its applica-
tion to top quarks is straightforward. It remains to be done to put all these electroweak
effects together.
For top quarks the sizeable decay width Γt introduces further complications. In lead-
ing order the width is correctly included by evaluating the current two-point functions in
PNRQCD at complex energy argument E+ iΓt [15,16], where E =
√
s−2mt. We adopt
this prescription as the definition of the pure QCD contributions to the cross section.
Beginning at NLO there exist further contributions related to the finite width. Since
the physical final state is W+W−bb¯ ,3 there exist irreducible “backgrounds” related to
off-shell and single or non-resonant top-quark pair production. In fact, the QCD con-
tribution as defined above cannot be unambiguously separated from electroweak effects
at this order – perhaps not surprisingly, since the top quark width itself is such an
effect – and the fact that a physical scattering cross section should refer only to sta-
ble (or sufficiently long-lived) particles in the final state, must be taken into account.
The incompleteness of the QCD cross section is signaled explicitly by the presence of
uncanceled singularities in dimensional regularization with coefficients proportional to
Γt starting at NNLO.
4 The origin and consistent cancellation of these singularities is
discussed in [52,66] and the corresponding calculations of electroweak effects and non-
resonant contributions to a physical final state such as W+W−bb¯ can in principle be
performed in the framework of unstable-particle effective field theory [71,72] as already
done for W pair production [70,73]. The corresponding calculation of the non-resonant
NLO correction for top production has been performed in [64] and confirmed by a dif-
ferent method in [74]. Rather than embarking on the rather difficult computation of
non-resonant contributions up to NNNLO, however, a more promising approach sup-
presses them by appropriate invariant mass cuts [70,75], which will anyway be applied
experimentally. Calculations of top quark pair production near threshold with cuts on
the final-state Wb invariant masses have appeared recently [63,64] in the non-relativistic
QCD and unstable particle effective theory frameworks. As should be expected, the
non-resonant contributions to the W+W−bb¯ are sizeable below the nominal top pair
production threshold, and hence can change the shape of the threshold cross section in
the region of interest for the top-quark mass determination. In the present paper, we
focus only on the QCD part of the problem. We shall, however, make the finite-width
1/ǫ poles explicit, so that they can be canceled analytically with future computations of
electroweak effects. Indeed, the pole parts of the NNLO non-resonant contribution have
recently been computed [76] and the cancelation has been verified.
3To the extent that we focus on top width effects, the W boson may be regarded as stable.
4At NLO these finite-width divergences are linear and therefore do not show up as poles in dimen-
sional regularization. Nevertheless, this implies an implicit dependence of the result of the regularization
scheme, which is cancelled by computing the non-resonant contributions consistently in the same scheme,
as was done in [64].
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To summarize: while the formalism for computing electroweak and finite-width effects
consistently is in place, and bits and pieces have already been calculated, significant
work remains to be done on electroweak effects at NNNLO. With the third-order QCD
calculation now being nearly complete, improvements in the prediction of realistic cross
sections (including electroweak effects and cuts) must be made.
Since our intention to present the concepts, techniques and calculations in some detail
resulted in a rather lengthy text, we have split it into two parts. Part I presents the
effective field theory set-up, the NRQCD and PNRQCD matching coefficients and ends
with a master formula for the third-order heavy-quark pair production cross sections.
This part could also be read as a review of non-relativistic effective theory in the weak-
coupling regime complementary to [77]. Part II contains the actual PNRQCD matrix
element calculation together with a numerical estimate of the new contributions to the
top cross section. (A preliminary version has been presented in [51].) The small P-wave
contributions to the cross section from the axial-vector coupling of the Z-boson will be
presented separately in [78].
The outline of the paper I is as follows: In section 2 we review the effective field theory
framework and discuss the power-counting arguments that lead to the identification of the
matching coefficients needed for the NNNLO calculation. The subsequent two sections
deal with matching QCD to a sequence of two non-relativistic effective theories, NRQCD
and PNRQCD. Section 3 discusses the NRQCD aspects of the calculation. In particular,
we calculate the relevant one-loop matching coefficients including the new O(ǫ) terms and
collect all other results that feed into the cross section calculation. The second matching
step from NRQCD to PNRQCD is discussed at length in section 4, since a coherent
summary is not yet available in the literature. Among the new results of this section are
the path-integral derivation of the PNRQCD Lagrangian (neglecting ultrasoft gluons),
the O(ǫ) terms of the one-loop potentials, and a discussion on the non-renormalization
of currents in the NRQCD to PNRQCD matching.
PNRQCD perturbation theory in the pole-mass scheme provides a poor approxi-
mation to the top-quark pair production cross section near threshold. The top quark
decay width is obviously an important effect, as is the conversion from the pole mass
renormalization scheme that is employed in the primary calculations to renormalization
schemes that absorb large corrections into the mass counterterm, which is a prerequisite
for reliable perturbative calculations [29,79]. Furthermore, a resummation of PNRQCD
perturbation theory for the Green function is necessary in the vicinity of the bound state
poles despite the sizeable top quark width. These refinements will be explained in paper
II. In section 5 we conclude paper I by providing the master formula for the computation
of the third-order cross section in PNRQCD.
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2 Top pair production near threshold in effective
field theory
In this section we present the relation of the pair production cross section to correlation
functions of heavy quark currents together with the arguments, why this relation holds
true at NNNLO. We review the scales and momentum regions relevant to the problem
both of which are central to the systematics of the effective theory approach.
2.1 Heavy-quark correlation function
The basic top pair production mechanisms in e+e− annihilation are shown in the upper
part of figure 1. Since we work to lowest order in the electromagnetic and electroweak
couplings, the optical theorem allows us to relate the total cross section σttX of the
process e+e− → tt¯X to the two point functions of the vector and axial-vector heavy
quark current. We define
Π(X)µν (q
2) = i
∫
d4x eiq·x 〈0|T (j(X)µ (x)j(X)ν (0))|0〉
= (qµqν − q2gµν) Π(X)(q2) + qµqνΠ(X)L (q2), (2.1)
for the vector current j
(v)
µ = t¯γµt and the axial vector current j
(a)
µ = t¯γµγ5t. The cross
section is then given by
σttX = σ0 × 12π Im
[
e2tΠ
(v)(q2)− 2q
2
q2 −M2Z
vevtetΠ
(v)(q2)
+
(
q2
q2 −M2Z
)2
(v2e + a
2
e)(v
2
tΠ
(v)(q2) + a2tΠ
(a)(q2))
]
, (2.2)
where σ0 = 4πα
2
em/(3s) is the high-energy limit of the µ
+µ− production cross section,
s = q2 the center-of-mass energy squared, and MZ the Z-boson mass. et = 2/3 denotes
the top quark electric charge in units of positron charge and αem is the electromagnetic
coupling. The vector and axial-vector couplings of fermion f to the Z-boson are given
by
vf =
T f3 − 2ef sin2 θw
2 sin θw cos θw
, af =
T f3
2 sin θw cos θw
, (2.3)
with θw the weak mixing angle, ef the electric charge of fermion f and T
f
3 its third
component of the weak isospin.
The dominant production mechanism is through the coupling to the virtual photon.
The vector coupling of the Z-boson increases the photon-mediated cross section by only
about 8% in the threshold region q2 ≈ 4m2. The axial-vector contribution is even
smaller, since the axial coupling is suppressed near threshold by the small velocity of the
top quarks. Π(a)(q2) contributes to (2.2) only at NNLO relative Π(v)(q2).
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tt¯e+
e−
γ
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t¯e+
e−
Z
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e−
γ, Z
t¯
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q¯
q
e+
e−
γ, Z
t¯
t
Figure 1: Basic electroweak tt¯ production processes (upper part of the figure) and produc-
tion mechanisms (“tt¯-radiation” and “singlet production”) not contained in the heavy-
quark correlation functions (lower part).
Eq. (2.2) which relates the inclusive top cross section to the spectral functions of
heavy-quark currents is not exact. There exist top production mechanisms, shown in
the lower part of figure 1, which are not captured by the heavy-quark current correlation
functions, since the photon or Z-boson couples to light quarks. Vice versa, there exist
cuts contributing to ImΠ(X)(q2) related to annihilation subdiagrams, see figure 3 below,
which do not contain top quarks and hence should be excluded. We shall discuss in the
next subsection that these contributions are either highly suppressed and not relevant
at third order, or can easily be included.
Energy variables
The characteristic non-relativistic energy in threshold production is much smaller than√
s ≈ 2m. We define E = √s− 2m and the top quark “velocity” v = (E/m)1/2. This is
related to another often used velocity parameter β = (1− 4m2/s)1/2 by
v =
√
E
m
=
(
2
(1− β2)1/2 − 2
)1/2
= β +
3β3
8
+ . . . . (2.4)
Real values of s and E should be interpreted with a +iǫ prescription. We will extensively
use another variable λ defined by
λ =
αsCF
2
√
−E
m
. (2.5)
Here and below αs without any argument denotes the strong coupling in the MS scheme
[80] at the renormalization scale µ, and CF = (N
2
c − 1)/(2Nc) = 4/3.
The value of λ determines when resummation to all orders in αs is necessary. Above
threshold, the variable λ is purely positive-imaginary, below threshold it is real and
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positive. The threshold region is characterized by an absolute value of λ of order 1
or larger. In particular, the Coulomb bound state poles are found at positive integer
values of λ. Conventional fixed-order perturbation theory can be used only when λ≪ 1.
As will be discussed later the width of the top quark is accounted for by substituting
E → E+ iΓ. Thus, as E varies from −∞ to∞ the variable λ sweeps through a curve in
the complex plane that begins at the origin, moves out into the first quadrant into the
direction of the positive real axis and returns to the origin from above near the imaginary
axis. The absolute value of λ along this curve is always smaller than αsCF/2× (m/Γ)1/2,
which is about 1.2 for top quarks, with αs(15GeV) ≈ 0.16, but since it reaches order one
in the threshold region, the perturbation expansion in αs breaks down and resummation
is necessary.
2.2 Momentum regions and effective field theory
Near the heavy-quark pair production threshold only a small kinetic energy
√
s− 2m =
E = mv2 is available to the final state. In the natural frame where qµ = (2m + E, 0)
this implies that the typical three momentum of a heavy quark is of order mv (about
20 GeV for top quarks), while the energy and momentum of any other nearly massless
particle can at most be mv2 (about 2 GeV for tops). The presence of several small scales
propagates into the loop diagrams that contribute to the spectral functions and causes a
breakdown of the standard perturbation expansion in the strong coupling αs. However,
since v is small one does not have to compute the loop integrals exactly – an expansion
in v suffices. This leads to a reorganized expansion as shown in (1.1), in which αs and v
are expansion parameters but αs/v or, equivalently, λ is of order one.
For a given Feynman diagram the expansion in v can be constructed without first
computing the full expression using the threshold expansion [14]. The method uses that
every diagram is the sum of terms, for which each loop momentum is in one of the
following four regions:
hard (h) : ℓ0 ∼ m, ℓ ∼ m (2.6)
soft (s) : ℓ0 ∼ mv, ℓ ∼ mv
potential (p) : ℓ0 ∼ mv2, ℓ ∼ mv
ultrasoft (us) : ℓ0 ∼ mv2, ℓ ∼ mv2
When on-shell, only massless particles (gluons, light quarks and ghosts) can be ultrasoft,
and only the heavy quarks can be potential.5 In each region, the loop integrand is ex-
panded in the terms which are small in the corresponding region and the loop integration
of the expanded integrand is carried out over the complete d-dimensional space-time vol-
ume. The expansion generates ultraviolet and infrared divergences which are regulated
5 Here and in the following we set the masses of all quarks other than the heavy quark to zero. This
is a good approximation for top quarks, but less so for bottom quarks, in which case the charm mass is
of order of the soft scale.
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dimensionally (d = 4 − 2ǫ) and subtracted according to the MS prescription. However,
the divergences generated by the separation of the diagram into regions cancel in the
sum over all terms.
The procedure just described is largely equivalent to constructing appropriate effec-
tive Lagrangians within dimensional regularization, but it clarifies the correct matching
procedure which is subtle in dimensional regularization if the effective theory contains
more than one scale as is the case in non-relativistic QCD [58,81]. The threshold ex-
pansion also synthesizes the non-relativistic velocity power counting rules developed for
the different modes (momentum regions) in [60,82,83,84]. In the construction of the
non-relativistic and resummed expansion of the pair production cross section we de-
rive effective Lagrangians in two steps by integrating out the large momentum modes
according to the following scheme:
LQCD [Q(h, s, p), g(h, s, p, us)] µ > my
LNRQCD [Q(s, p), g(s, p, us)] mv < µ < my
LPNRQCD [Q(p), g(us)] µ < mv
(2.7)
In square brackets we display the modes of the heavy quarks (Q) and massless particles
(g) which are still contained in the effective Lagrangian; the others are integrated out
when the energy cut-off µ is lowered as indicated on the right. The first step leads to
NRQCD [11,12,13], in which all interactions are local, since only the short-distance hard
modes have been eliminated. The expansion rules of the threshold expansion define the
dimensionally regularized NRQCD Lagrangian. The second step whereby soft modes
and potential massless modes are integrated out was suggested in [14,85] in the context
of the effective Lagrangian and threshold expansion method. The result is the poten-
tial NRQCD (PNRQCD) Lagrangian [24,79,85,86,87]. The PNRQCD Lagrangian is not
local. It contains spatially non-local but temporally local, i.e. instantaneous interac-
tions of the heavy quarks, since the three-momentum of the potential heavy quark field
still present in PNRQCD is of the same order as the one of the modes integrated out.
These interactions provide a precise definition of the concept of “heavy-quark poten-
tials”. Perturbation theory in PNRQCD resembles quantum-mechanical perturbation
theory closely, since the leading colour-Coulomb interaction is part of the unperturbed
theory. Thus, the propagator of PNRQCD includes the leading Coulomb interaction
exactly, which effects the required resummation of conventional perturbation theory to
all orders.
To illustrate the velocity scaling of Feynman diagrams, we consider the power count-
ing for the loop integrand. Eq. (2.6) implies that the integration measure d4ℓ scales as
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Figure 2: Ladder diagrams.
v0, v4, v5 and v8, when ℓ is hard, soft, potential and ultrasoft, respectively. The denom-
inator of a gluon (massless) propagator with momentum ℓ = (ℓ0, ℓ) is approximated at
leading order in a given region by:
1
ℓ2
=


1
ℓ2
hard (v0), soft (v−2), ultrasoft (v−4)
− 1
ℓ
2 + . . . potential (v
−2)
(2.8)
The velocity scaling is given in brackets. For the heavy-quark propagator with momen-
tum q/2 + ℓ = (m+ E/2 + ℓ0, ℓ) the denominators are:
1
(q/2 + ℓ)2 −m2 =


1
ℓ2 + q · ℓ + . . . hard (v
0)
1
2m
1
ℓ0
+ . . . soft (v−1)
1
2m
1
E/2 + ℓ0 − ℓ2/(2m) + . . . potential (v
−2)
(2.9)
Using these scaling rules, it is easy to see why an all-order resummation of Feynman
diagrams is required in the threshold region. It will become clear from the later sys-
tematic derivation that the relevant diagrams are the ladder diagrams shown in figure 2,
and that the dominant term in the velocity expansion arises from the loop momentum
region when all loop momenta are in the potential region. Adding an additional rung
to the ladder adds one potential gluon (1/v2) and two potential heavy-quark propaga-
tors (1/v2 × 1/v2) to the diagram. The numerator of the diagram contains no velocity
suppression factors, hence accounting for the potential loop measure (v5) and strong
coupling from the two additional vertices (g2s), we find that each rung provides a fac-
tor of order αs/v, which is unsuppressed in the threshold region. It will be seen below
that only potential gluon exchange generates this 1/v enhancement, which is equivalent
to the statement that only the leading Coulomb interaction must be included in the
unperturbed effective Lagrangian.
We now return to the discussion of heavy-quark production mechanisms not captured
by (2.2), which expresses the cross section in terms of the heavy-quark current spectral
functions. In the case of heavy-quark radiation (lower left in figure 1) the final state
11
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Figure 3: Diagram containing cuts not related to top quark production.
consists of QQ¯qq¯, and since the available energy at threshold is limited to mv2, the
light quarks must be ultrasoft. In the three-loop diagram that represents the square
of the heavy-quark radiation amplitude, the QQ¯ loop must be potential and the two
other loops ultrasoft, which leads to a factor of v21 from the loop integration measure.
The intermediate gluon and light-quark propagators in the amplitude must be hard to
produce the QQ¯ pair and hence do not contribute inverse powers of v. The two potential
heavy quark and the two ultrasoft light quark propagators (1/6 ℓ ) supply a factor of 1/v2
each, so the heavy-quark radiation contribution to the cross section scales at least as
α2sv
13 which should be compared to v for the leading term. Inspection of the analytic
expression [88] confirms this result, hence this contribution can be safely neglected.
In the case of singlet production (lower right in figure 1) through the coupling of the
virtual photon or Z-boson to light quarks the dominant term comes from three hard
loops, leading to the counting α3sv, which represents a third-order correction to the cross
section. While not part of ImΠ(v)(q2) this mechanism can be included in the three-
loop short-distance coefficient c
(3)
v of the non-relativistic heavy-quark current, which is
discussed below, although it is not known at present. Note that this contribution to
c
(3)
v is complex, but the imaginary part should be discarded, since it corresponds to the
three-gluon and light-quark cut, which is not part of the heavy-quark production cross
section. A similar singlet-production diagram exists for the axial-vector coupling with
only two gluons coupling to the light-quark triangle, but due to velocity suppression this
contribution begins only at fourth order.
We have thus argued that the production mechanisms not included in ImΠ(v,a)(q2) are
either suppressed or easily included at third order. Consider now figure 3, which shows
a diagram contained in ImΠ(v)(q2), but whose three-gluon cut should not be part of the
heavy-quark cross section. The possible loop momentum regions for this diagram are
h-h-h-h, p-h-h-p, p-h-h-h and h-h-h-p, where the first and last letter refers to the left and
right heavy quark loop, respectively. In the all-hard configuration only the three-gluon
cut contributes to ImΠ(v)(q2), so the correct prescription is to simply not include this
configuration. The p-h-h-p configuration may be interpreted as heavy-quark production
followed by rescattering through annihilation. Annihilation is suppressed by α2sv
2 relative
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to Coulomb exchange as can be seen by counting loop integration and propagator factors,
so this configuration is relevant only from fourth order as a contribution to the α3s/m
2
potential. The remaining two configurations with only one potential heavy quark loop
are analogous to the singlet production mechanisms. That is, one drops the imaginary
part of the h-h-h subdiagram, which comes from the three-gluon cut and associates its
real part to c
(v)
3 . There exists a three-loop diagram similar to figure 3 but with two gluon
lines only for the axial-vector coupling, but as in the singlet diagram with a light-quark
triangle discussed above, the axial-vector coupling implies another factor of v2, so this
diagram is never relevant at third order.
3 Non-relativistic QCD
In this section we discuss the matching of the vector current correlation function for
q2 ≈ 4m2 to its equivalent representation in non-relativistic QCD. This amounts to
integrating out the hard modes, which correspond to “relativistic effects” involving the
scale of the heavy-quark mass. Non-relativistic QCD is expressed in terms of a two-
component quark field ψ and the corresponding anti-quark field6 χ to represent the
remaining soft and potential fluctuations of the original quark field. The effective gluon
field Aµ = A
A
µT
A can be soft, potential and ultrasoft.
Before going into the details of the Lagrangian and power counting we briefly sketch
the result. As will be shown below the expansion of the vector current j(v) µ in terms of
the non-relativistic fields is given by
j(v) i = cv ψ
†σiχ+
dv
6m2
ψ†σiD2χ + . . . , (3.1)
where the hard matching coefficients cv, dv have perturbative expansions in αs. In the
“rest frame” qµ = (2m+ E, 0), eq. (2.1) implies Π
(v)
ij = q
2δij Π
(v)(q2), so
Π(v)(q2) =
1
(d− 1)q2 Π
(v)
ii =
Nc
2m2
cv
[
cv − E
m
(
cv +
dv
3
)]
G(E) + . . . , (3.2)
where the neglected terms on the right-hand side include a subtraction term that does
not contribute to the imaginary part of Π(v)(q2) as well as terms beyond the third or-
der (NNNLO). The important quantity is the two-point function of the non-relativistic
current
G(E) =
i
2Nc(d− 1)
∫
ddx eiEx
0 〈0| T ( [χ†σiψ](x) [ψ†σiχ](0))|0〉|NRQCD , (3.3)
where now the matrix element must be evaluated in non-relativistic QCD (NRQCD).
The terms proportional to E in (3.2) arise from expanding the prefactor 1/q2 and from
6Our convention is to use the anti-particle field from the four-component Dirac field. Alternatively,
we could treat particles and anti-particles on the same footing and introduce a particle field in the
anti-triplet colour representation for the anti-quark, which corresponds to the charge-conjugate of the
convention adopted in this paper.
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the 1/m2 suppressed current in (3.1), whose matrix element can be reduced to the one
of the leading current by an equation-of-motion relation derived later. Thus the main
ingredients to the non-relativistic representation are the calculation of G(E) and the
current matching coefficients.
Similar relations hold for the axial-vector contribution to the cross section (2.2), which
arises from Z-boson exchange. The axial-vector current j(a)µ = t¯γµγ5t is represented in
NRQCD by the expansion
j(a) i =
ca
2m
ψ†
[
σi, (−i)σ ·D
]
χ + . . . , (3.4)
with hard matching coefficient ca. As is the case for the vector current, only the spatial
components of the current contribute to the cross section, since the lepton tensor from
the e+e− initial state is transverse to both initial state momenta when the electron mass
is neglected. Only the leading term in the 1/m expansion is needed for NNNLO accu-
racy, since the derivative in the leading current implies the well-known P-wave velocity
suppression. The QCD correlation function is then given by the expression
Π(a)(q2) =
1
(d− 1)q2 Π
(a)
ii (3.5)
=
Nc
8m4
c2a ×
i
2Nc(d− 1)
∫
ddx eiEx
0 〈0| T ( [ψ†Γiχ]†(x) [ψ†Γiχ](0))|0〉|NRQCD + . . . ,
where Γi = (−i)[σi,σ ·D].
3.1 Lagrangian and Feynman rules
For the present purpose the non-relativistic effective Lagrangian can be divided into five
parts,
LNRQCD = Lψ + Lχ + Lψχ + Lg + Llight. (3.6)
The gluon field is contained in the gauge-covariant derivative Dµ = ∂µ − igsAµ, field
strength tensor Gµν = (i/gs) [Dµ, Dν ], and the chromoelectric and chromomagnetic fields
defined as
Ei ≡ Gi0 = −∇iA0 − ∂
∂t
Ai − igs
[
Ai, A0
]
,
σ ·B ≡ −1
2
σijGij, (3.7)
where σij = (−i/2) [σi, σj] and Di = −∇i. With these definitions the bilinear heavy-
quark Lagrangian is given by7
Lψ = ψ†
(
iD0 +
D2
2m
+
D4
8m3
)
ψ − d1gs
2m
ψ†σ ·Bψ
7 Note that in four dimensions σij{Di, Ej} = σ · (D ×E −E ×D). The d3 term is misprinted in
eq. (8) of [24], where ψ†σij [Di, Ej ]ψ should read ψ†σij{Di, Ej}ψ.
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p p′
A
igsT
A
p p′
A, i
− igs
2m
(pi + p′i)TA
p p′
A, i
q
1
igsd1
4m
[σi, σj ]qjTA
p p′
A, i B, j
− ig2s
2m
δij{TA, TB}
p p′
A, i B, j
1
− ig2sd1
4m
[σi, σj ][TA, TB]
p p′
A
q
2
− igsd2
8m2
q2TA
p p′
A
3
igsd3
8m2
[σi, σj ]p′ipjTA
p p′
A, i
q
2
igsd2
8m2
q0qiTA
p p′
A, i
q
3
− igsd3
16m2
[σi, σj ]
×q0(pj + p′j)TA
p p′
A, i
q1
B, j
q2
2
ig2
s
d2
8m2
δij
×(q0
2
− q0
1
)[TA, TB]
p p′
A, i
q1
B, j
q2
3
ig2
s
d3
16m2
[σi, σj ]
×(q0
2
− q0
1
){TA, TB}
p p′
A, i
q1
B
q2
2
− ig2sd2
8m2
(p′i − pi + qi2)[TA, TB]
p p′
A, i
q1
B
q2
3
ig2
s
d3
16m2
[σi, σj ]
×
(
(pj + p′j)[TA, TB]
−qj
2
{TA, TB}
)
Figure 4: NRQCD Feynman rules for two-quark vertices up to order 1/m2. Dashed
(curly) lines denote the A0 (Ai) gluon field. q = p′ − p.
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+ψ†
(
d2gs
8m2
[Di, Ei] + i
d3gs
8m2
σij{Di, Ej}
)
ψ
+ψ†
(
− dW gs{D
2,σ ·B}
8m3
+ dAg
2
s
B2 − E2
8m3
+ dBg
2
s
σij(BiBj − EiEj)
8m3
)
ψ
+O
(
1
m4
)
, (3.8)
Lχ = −Lψ with ψ → χ, iD0 → −iD0, Ei → −Ei . (3.9)
Note that in d dimensions we cannot define the Bi individually, since they do not repre-
sent the components of a d−1 dimensional vector. However, all we need are scalars such
as (3.7) and B2, σijBiBj , which can be consistently defined through the d dimensional
field strength tensor:
B2 ≡ 1
2
GijGij , σijBiBj ≡ −1
2
σij[Gik, Gkj] . (3.10)
The four-fermion quark-antiquark terms in the effective Lagrangian read
Lψχ = dss
m2
ψ†ψ χ†χ− dsv
8m2
ψ†[σi, σj]ψ χ†[σi, σj]χ +
+
dvs
m2
ψ†T aψ χ†T aχ− dvv
8m2
ψ†T a[σi, σj]ψ χ†T a[σi, σj]χ+O
(
1
m3
)
, (3.11)
where the factor −1/8 in the definition of the spin-triplet operators has been inserted,
since in four dimensions [σi, σj]⊗ [σi, σj ] = −8 σi⊗σi. The pure gluon Lagrangian takes
the form
Lg = −d4
4
GAµνG
Aµν +
d5
m2
GAµνD
2GAµν +
d6
m2
gsf
ABCGAµνG
Bµ
αG
Cνα +O
(
1
m4
)
. (3.12)
Finally, Llight is the same as the light-quark Lagrangian in full QCD. The Feynman rules
for the 1/m and 1/m2 terms in Lψ are given in figure 4.8 The hard matching coefficients
d1−4, dW , dA, dB equal one at tree level, while the others vanish. All coefficients obtain
one-loop corrections, which must be determined by matching the QCD diagrams to the
NRQCD diagrams order by order in the non-relativistic expansion. For reasons which will
be explained later, the matching coefficients are needed to order ǫ in the dimensional
regularization parameter. In writing (3.8) we did not include 1/m3 interactions with
vanishing tree-level coefficients as well as mixed heavy-light quark operators of the form
ψ†ψq¯q in Lψ, since they are irrelevant for the NNNLO calculation, as we discuss now.
8 The vertices involving q0 in the fifth row can be eliminated using the heavy-quark equation of
motion. This generates 1/m3 terms not shown in the figure and modifies the 1/m2 four-point vertices
in the last row of the figure as follows: drop the p and p′ terms and multiply the remaining terms by
two.
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The velocity scaling of the fields depends on the momentum region. Heavy quark
fields can be potential or soft. From the scaling rules of the propagator (compare (2.9))
and the integration measure, it follows that in both cases the field scales as v3/2. The
same power counting can be done with the gluon field, which is either soft, potential or
ultrasoft and one finds that gsA scales as v
3/2, v2 and v5/2 respectively, which includes a
factor of v1/2 from the coupling constant gs.
Turning to the effective Lagrangian, we first consider the bilinear terms in the heavy
Lagrangian Lψ. For potential quarks, the bilinear terms in the kinetic term ψ†(iD0 +
D2/(2m))ψ are both of order v5. The relativistic correction ψ†(∂4/(8m3))ψ scales as v7.
Being suppressed by v2 relative to the leading terms it contributes from NNLO. The
next term in the expansion of the relativistic energy-momentum relation would be of
order v9 and is beyond NNNLO. For soft quarks, the quadratic kinetic energy term is
an order v correction to the leading-order static Lagrangian ψ†i∂0ψ, which scales as v4.
This explains why static heavy-quark propagators can be used in the calculation of the
heavy-quark potentials. For soft heavy quarks the quartic kinetic energy correction is a
NNNLO effect.
Consider now the interactions of the heavy quark with the gauge field, i.e. terms
of the form ψ†ψ(gsA)n, potentially with derivatives on the quark and gluon fields. The
gsψ
†ψA0 interaction that arises from ψ†iD0ψ scales as v5 when all fields are potential.
Therefore it is not suppressed relative to the bilinear terms that persist as gs → 0. In
the potential region, this interaction has to be treated non-perturbatively; this is why
the cross section near threshold requires a summation of some loop momentum contri-
butions to all orders in αs. When the gluon field is soft, the velocity scaling of the
gsψ
†ψA0 interaction is v9/2, but since in this case the leading term ψ†i∂0ψ scales as v4,
this interaction is now a perturbation. It follows that all soft interactions can be treated
in conventional perturbation theory. Further three-point interactions of the form above
carry derivatives. Each derivative gives at least a suppression of v so interactions with
up to three derivatives in gsψ
†ψA may contribute at NNNLO. The requirement of gauge
invariance restricts the possible interaction terms to the so-called chromomagnetic in-
teraction gsψ
†σ ·Bψ at order v6 (NLO), and the Darwin and spin-orbit interactions at
order v7 (NNLO), multiplied by the short-distance coefficients d1, d2 and d3, respec-
tively. However, a single chromomagnetic interaction contributes only in connection
with a v suppressed quark-gluon vertex from the ψ†D2/(2m)ψ interaction, and not at
all to the current correlation function, since the trace over an odd number of Pauli ma-
trices vanishes. Thus the chromomagnetic, Darwin and spin-orbit interaction all start
to contribute at NNLO (with two insertions of the chromomagnetic term). Hence, at
NNNLO one needs the coefficient functions d1, d2 and d3 in the one-loop approximation.
Beyond order v7 only the interactions with non-vanishing tree-level coefficient functions
given in (3.8) can potentially contribute to NNNLO. None of them does, however, since
single insertions of interactions with Pauli matrices vanish, as discussed above, while the
terms with two electric or magnetic field strengths are of the form ψ†ψ (gsA)2 with two
derivatives, which is smaller than NNNLO in both, the potential and soft region.
Bilinear heavy quark operators in conjunction with light quarks, ψ†ψq¯q, are of order
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v6. For these operators to contribute to the heavy-quark current correlation function
at least one interaction of the form gsq¯qA is required, which costs a factor of v or,
equivalently αs. Thus, a ψ
†ψq¯q operator is relevant at NNNLO, if its short-distance
coefficient function is of order αs. The only operator that may have a tree-level coefficient
is ψ†TAψ q¯γ0TAq, since in this case the intermediate potential gluon propagator can be
cancelled, making the operator local. This operator is generated at tree level from the
Darwin term in the Lagrangian (3.8) by the use of the field equation for the chromo-
electric field. Our convention is that we do not eliminate the Darwin term by the field
equation, hence ψ†ψq¯q operators must be added to the Lagrangian only with coefficients
of order α2s producing corrections to the heavy-quark current correlation function beyond
NNNLO.
We therefore conclude that only the terms in the first two lines of (3.8) are needed for
the NNNLO calculation, the same as in NNLO. The only difference to NNLO is that the
short-distance coefficients d1, d2 and d3 are required at the one-loop order. We also see
that only the gsψ
†ψA0 interaction in the potential region is non-perturbative, and this
explains why only ladder diagrams of Coulomb gluons must be summed to all orders.
The four-quark operator Lagrangian Lψχ (3.11) is generated by hard scattering of
quarks and anti-quarks, or by quark anti-quark annihilation. Hard scattering with mo-
mentum exchange of order m requires the exchange of at least two gluons, corresponding
to one-loop diagrams so the coefficient functions are of order α2s.
9 The four-quark op-
erator counts as v6. Including the one-loop coefficient function gives the counting α2sv
6,
which is a NNNLO effect relative to the leading-order Lagrangian of order v5 for the
scattering of potential quarks. The annihilation contribution is present already at order
αs (tree-level), but the operator has the colour structure ψ
†T aχχ†T aψ, which does not
contribute to the current correlation function due to trT a = 0. Similarly, annihilation
into two gluons does not contribute to the vector correlation function, since it leads to
fermion loops with three vector couplings that vanish by charge conjugation. Thus, at
NNNLO, we can restrict ourselves to the four-fermion operators generated by hard quark
anti-quark scattering. For this reason we write the operators in the “scattering ordering”
(ψ†ψ)(χ†χ) rather than the “annihilation ordering” (ψ†χ)(χ†ψ). Although the two or-
derings are related by a Fierz transformation in four space-time dimensions, the two are
inequivalent in dimensional regularization. In general, we would have to introduce the
difference of the two as evanescent operators. This complication is avoided here, since
there are no annihilation contributions at NNNLO. Adopting the “scattering ordering”
in the Lagrangian, we do not need to perform any Fierz transformations.
The necessity to avoid relations that hold only in four dimensions is also the reason
for introducing the definition (3.7) that does not make use of the three-dimensional ǫijk
symbol, which is not defined in d− 1 dimensions. In particular, the commutator
σij =
1
2i
[
σi, σj
]
, (3.13)
9Once again, this holds only because we do not eliminate the Darwin term by the chromo-electric
field equation, which would otherwise generate a local four-quark operator with a tree-level coefficient
function.
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must be considered as an independent element of the d-dimensional algebra of Pauli
matrices. This poses no difficulty in the calculation of the vector current correlation
function, since in the end all expressions can be evaluated using the d-dimensional iden-
tities
σiσi = d− 1, (3.14)
σiσjσi = (3− d) σj, (3.15)
where d = 4− 2ǫ and tr (1) = 2.
The pure gauge field Lagrangian (3.12) follows from integrating out heavy-quark
loops with small momentum gluon lines attached. The renormalization of the standard
kinetic term by the coefficient d4 is well-known to be related to the matching of the
strong coupling from the nf + 1 flavour theory including the heavy quark to the theory
with nf light flavours. In the following we express all results in terms of the strong
coupling in the MS scheme in the nf flavour theory, which is the appropriate coupling
for calculations in NRQCD, where the heavy quark short-distance fluctuations have been
integrated out. After redefining the strong coupling, d4 should be set to one in (3.12),
so that the kinetic term is canonically normalized. The next term, GAµνD
2GAµν , in the
gauge field Lagrangian involves two derivatives and a coefficient function d5 ∝ αs ∼ v.
Therefore it must be included at NNNLO. On the other hand, the term involving three
gluon field strengths can be neglected at this order.
Having collected the relevant terms in the effective Lagrangian, we are now in the
position to discuss the matching calculations. Most of the results required at NNNLO
are available in the literature. However, many of the matching coefficients multiply
NRQCD correlation functions, which exhibit 1/ǫ poles. Thus, as will be explained in
section 3.5 below, we also need the O(ǫ) terms of the matching coefficients, which have
not been calculated or presented up to now. We therefore had to repeat these matching
calculations and extend them to the O(ǫ) terms. The matching calculation is performed
in the center-of-mass frame, so that the three-momenta of the heavy quark and anti-
quark are of opposite sign. The external heavy quark spinors in QCD are given by
u(p) =
1
(Ep +m)1/2

 (Ep +m) ξ
σ · p ξ

 , v(p) = 1
(Ep +m)1/2

 σ · p η
(Ep +m) η

 , (3.16)
for external momentum p = (Ep,p) with Ep ≡ (m2+p2)1/2. The variables ξ and η denote
the quark and anti-quark two-spinors, respectively. They are normalized according to
ξ†ξ = η†η = 1.
3.2 Bilinear heavy-quark operators
The coefficient functions of the interactions of heavy quarks with a single gauge field in
Lψ can be deduced from the heavy quark form factors in background field gauge. The
finite part of the one-loop form factors was calculated in [58]. However, the order ǫ
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coefficients were not computed there. The on-shell form factors can be brought into the
general form
igsT
au¯(p′)
[
γµF1(q
2) +
iσµνqν
2m
F2(q
2)
]
u(p), (3.17)
where q = p′ − p. For the one-loop diagrams shown in figure 5 we obtain the following
result for the expansion of the ultraviolet-renormalized form factors in αs and q
2 up to
order αsq
2/m2:
F1 = 1 +
αs
π
(
µ
m
)2ǫ
Γ(ǫ)eγEǫ
48(4ǫ2 − 1)
q2
m2
[
CA(−12ǫ3 + 4ǫ2 + 3ǫ+ 5)
+ 2CF (12ǫ
3 − 4ǫ2 + 3ǫ+ 4)
]
, (3.18)
F2 =
αs
π
(
µ
m
)2ǫ
Γ(ǫ)eγEǫ
24(4ǫ2 − 1)
[
CA
(
6(2ǫ+ 1)(2ǫ2 − 1) + q
2
m2
(4ǫ4 + 8ǫ3 + 5ǫ2 − 2ǫ− 6)
)
+CF
(
− 12ǫ(2ǫ+ 1)2 − q
2
m2
2ǫ(ǫ+ 1)(2ǫ+ 1)2
)]
. (3.19)
Here and below we use the standard colour factors TF = 1/2, CF = 4/3, CA = 3. The
remaining divergences are infrared divergences of the on-shell form factors. By calcu-
lation of the corresponding form factors in the effective theory we obtain the relations
between the coefficients di and the form factors:
d1 = F1(0) + F2(0), (3.20)
d2 = F1(0) + 2F2(0) + 8F
′
1(0), (3.21)
d3 = F1(0) + 2F2(0), (3.22)
where Fi(0) = Fi|q2=0 and F ′1(0) = dF1/d(q2/m2)|q2=0. Since F1(0) = 1 exactly, this
implies the well-known relation d3 = 2d1− 1. The MS renormalized coefficient functions
follow by subtracting the 1/ǫ poles from the above expressions. The O(ǫ) terms of the
above expressions are in agreement with [59].
3.3 Gauge field operators
To obtain the bilinear pure gauge field Lagrangian Lg, the gluon self energy has to be
matched. In the one-loop order the relevant diagram is the heavy-quark loop, which
gives:
d4 = 1 +
αs
π
(
µ
m
)2ǫ
TFΓ(ǫ)e
γEǫ
3
, (3.23)
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Figure 5: One-loop form factor diagrams: wavefunction renormalization and vertex cor-
rections.
Figure 6: QCD diagrams for the four-fermion operators at one loop.
d5 =
αs
π
(
µ
m
)2ǫ
TFΓ(1 + ǫ)e
γEǫ
60
. (3.24)
The results agree for d = 4 with the ones in [58]. As mentioned above, the operator with
coefficient d6 is not needed, because it can contribute to the heavy quark correlation
function only with an additional loop, which is beyond NNNLO. Recall that d4 = 1
should be used after having normalized the fields canonically.
3.4 Four-fermion operators
The remaining part of the Lagrangian to be matched to QCD is the one containing
the four-fermion operators. As discussed in section 2.1 we do not need the annihilation
contributions and therefore restrict ourselves to the scattering diagrams shown in figure 6.
The results in d = 4 can be obtained from the equal mass limit of the unequal mass case
given in [89]. Here we present the d-dimensional matching coefficients:
dss = α
2
sCF (CA − 2CF )
(
µ
m
)2ǫ
eγEǫ(2ǫ− 3)(2ǫ2 + ǫ+ 1)Γ(2 + ǫ)
2ǫ(8ǫ3 + 12ǫ2 − 2ǫ− 3) , (3.25)
dsv = α
2
sCF (CA − 2CF )
(
µ
m
)2ǫ
eγEǫΓ(1 + ǫ)
2(1 + 2ǫ)
, (3.26)
dvs = α
2
s
(
µ
m
)2ǫ
eγEǫ(3− 2ǫ)(CA(ǫ(2ǫ+ 1)(4ǫ+ 3) + 5)− 8CF (1 + ǫ)(2ǫ2 + ǫ+ 1))Γ(ǫ)
4(2ǫ− 1)(2ǫ+ 1)(2ǫ+ 3) ,
(3.27)
dvv = α
2
s
(
µ
m
)2ǫ
eγEǫ(−CA(1 + 4ǫ) + 8CF ǫ)Γ(ǫ)
4(1 + 2ǫ)
. (3.28)
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This agrees with the finite part of the unequal mass case in [89]. The O(ǫ) terms of the
above expressions are in agreement with [59].10
3.5 Matching of the vector current
We finally need an expression for the heavy quark vector current j
(v)
µ to NNNLO accuracy
in the effective theory. The perturbative matching coefficients of the NRQCD currents
come from diagrams where the hard loop connects to one of the external current vertices.
Since the zero component of the vector current is irrelevant, we focus on matching the
operator t¯γit.
At leading order in the velocity expansion the unique NRQCD vector current is ψ†σiχ
with coefficient function cv as given by the first term on the right-hand side of (3.1). The
precise definition of the matching coefficient is [90]
Z2,QCD ΓQCD = cv Z2,NRQCD Z
−1
J ΓNRQCD , (3.29)
where Z2 are the on-shell wave function renormalization constants in QCD and NRQCD,
respectively. Γ represents the amputated, bare electromagnetic current vertex function
evaluated for on-shell heavy quarks directly at threshold, i.e. with zero relative momen-
tum, expressed in terms of the renormalized QCD coupling and pole mass. In dimensional
regularization, Z2,NRQCD = 1, and ΓNRQCD, the corresponding NRQCD vertex function,
equals its tree-level expression ξ†σiη, since the NRQCD integrals for zero external relative
momentum are scaleless. Here it is important that the threshold expansion is employed
to define NRQCD in dimensional regularization. Thus, cv equals the UV renormalized
on-shell QCD vertex directly at threshold with infrared divergences subtracted recur-
sively by the NRQCD renormalization factor ZJ . This definition is equivalent at order
αns to extracting the purely hard (h-h-. . . -h) momentum regions in the threshold expan-
sion of the n-loop vertex function with external heavy quark momenta in the potential
region.
The coefficient cv is needed to three-loop accuracy to achieve NNNLO precision.
While the two-loop expression has been known for some time [90,91], the three-loop
correction is not yet completed and constitutes one of the missing pieces in the complete
third-order calculation of the cross section. The three-loop diagrams involving at least
one fermion loop are, however, already known11 [47,54], as are the logarithmic terms
related to the anomalous dimension of the current and strong coupling renormaliza-
tion [43,44,49]. Defining
Lm = ln(µ/m), (3.30)
the coefficients of perturbative expansions of any quantity S in αs = αs(µ), through
S = 1 +
∑
n
S (n)
(αs
4π
)n
, (3.31)
10The short-distance coefficients dsv and dvv defined in [59] are (1 − ǫ) times those above.
11Except for the “singlet diagrams” where the fermion loop attaches to the external vertex (see lower
right figure 1).
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and the coefficients of the QCD β function in the MS scheme with nf light flavours (not
including the heavy quark) [92]
β0 =
11
3
CA − 4
3
TFnf ,
β1 =
34
3
C2A −
20
3
CATFnf − 4CFTFnf ,
β2 =
2857
54
C3A −
1415
27
C2ATFnf −
205
9
CACFTFnf + 2C
2
FTFnf
+
158
27
CAT
2
Fn
2
f +
44
9
CFT
2
Fn
2
f , (3.32)
the known results for the vector current matching coefficients are given by:
c(1)v (µ) = c
(1)
v (m) = −8CF , (3.33)
c(2)v (µ) = 2β0Lmc
(1)
v (m) + LmCFπ
2
[
− 16
3
CF − 8CA
]
+ c(2)v (m), (3.34)
c(3)v (µ) =
(
4β20L
2
m + 2β1Lm
)
c(1)v (m)
+4β0Lm
{
LmCFπ
2
[
− 16
3
CF − 8CA
]
+ c(2)v (m)
}
+L2mCFπ
2
[
− 40C2F −
188
9
CFCA +
128
3
C2A
−128
9
CFTFnf − 64
3
CATFnf
]
+LmCFπ
2
[
(−72 + 192 ln 2)C2F +
(
−1888
27
− 96 ln 2
)
CFCA
+
(
−256
9
− 96 ln 2
)
C2A +
800
27
CFTFnf
+
296
9
CATFnf − 32
5
CFTF
]
+ c(3)v (m), (3.35)
where c
(i)
v (m) is the matching coefficient evaluated at µ = m. The two-loop non-
logarithmic terms are fully known but the three-loop ones only for the fermionic contri-
butions. They read:
c(2)v (m) = 16
[
C2F
(
23
8
− 1
2
ζ3 − 79
36
π2 + π2 ln 2
)
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+CFCA
(
−151
72
− 13
4
ζ3 +
89
144
π2 − 5
6
π2 ln 2
)
+
11
18
CFTFnf + CFTF
(
22
9
− 2
9
π2
)]
, (3.36)
c(3)v (m) = 64
[
CFTFnf
[
CF (46.692(1)) + CA (39.623(1))
+TFnf
(
−163
162
− 4
27
π2
)
+ TF
(
−557
162
+
26
81
π2
)]
+CFTF
[
CF (−0.840(2)) + CA (−0.09(2))
+TF
(
−427
162
+
158
2835
π2 +
16
9
ζ3
)]]
+ c(3)v,g(m). (3.37)
where the last term c
(3)
v,g(m) is the unknown gluonic and singlet contribution and ζ3 is a
short-hand for the Riemann zeta function value ζ(3). We recall our convention that αs
denotes the strong coupling in the MS scheme with nf light flavours.
Turning to the next orders in the velocity expansion, we find the operators
Oa =
1
2m2
ψ†σ ·DDiχ ,
Ob =
1
m2
ψ†σiD2χ , (3.38)
which are suppressed by O(v2) relative to the leading NRQCD current. Further operators
of dimension five contain the ultrasoft gauge field strength gsFµν of order v
9/2. Thus
up to NNNLO all production vertices contain only the quark-antiquark pair. The on-
shell heavy quark-antiquark production vertex in full QCD can be decomposed into the
expression
V µ = u¯(p1)
[
γµFˆ1(q
2) +
iσµνqν
2m
Fˆ2(q
2)
]
v(p2), (3.39)
where now p1 = (Ep,p), p2 = (Ep,−p), and q = p1 + p2 = (2Ep, 0) = (2m + E, 0).
Inserting (3.16) for the external spinors, we obtain the exact expression
V i = 2Ep
[
Fˆ1(q
2) + Fˆ2(q
2)
]
ξ†σiη − 2Ep
[
m
Ep
Fˆ1(q
2)− Fˆ2(q2)
]
pi
m(Ep +m)
ξ†σ · p η.
(3.40)
This shows explicitly that only quark-antiquark operators with a sigma matrix can ap-
pear as assumed in (3.38). Expanding this expression in q2 − 4m2 = 4p2 we find
cv = [Fˆ1 + Fˆ2] |q2=4m2,hard,
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dva = [Fˆ1 − Fˆ2] |q2=4m2, hard,
dvb = (−4) d
d(q2/m2)
[Fˆ1 + Fˆ2] |q2=4m2,hard. (3.41)
The subscript “hard” means that only the hard regions should be included in the com-
putation. The one-loop hard form factors can be extracted from [93], by dropping the
non-analytic terms in the expansion in p2, which originate from the potential region.
We obtain c
(1)
v given in (3.33) above and
dva = 1− αsCF
4π
· 4 +O(α2s) ,
dvb =
αsCF
4π
[
8
3
ln
m2
µ2
− 2
9
]
+O(α2s) . (3.42)
The logarithm in dvb arises as the consequence of mixing with the leading order cur-
rent through sub-leading NRQCD interactions, see (4.129) below. These results agree
with the computation of the one-loop corrected matching coefficients of the sub-leading
current operators through explicit NRQCD matching [60].
At NNNLO the correlation functions of velocity-suppressed currents will be evalu-
ated only with the leading and next-to-leading order Coulomb potential, which is spin-
independent. Hence, only the traces tr (Oa,bσ
i) appear. This allows us to combine
dvaOa + dvbOb → dv
6m2
ψ†σiD2χ (3.43)
such that the QCD vector current is now represented by
j
(v)
i = cv ψ
†σiχ+
dv
6m2
ψ†σiD2χ +O(1/m4), (3.44)
as anticipated in (3.1). From (3.42) and (3.43) we obtain
dv(µ) =
3
3− 2ǫ dva + 6dvb = 1−
αsCF
4π
[
32Lm +
16
3
]
+O(α2s) . (3.45)
The explicit scale dependence of the matching coefficients is due to evolution of
the strong coupling and the factorization of the hard scale. It must cancel when all
contributions to the cross section are combined. We have checked explicitly that this is
indeed the case.
Note that we do not need the O(ǫ) terms of the coefficient functions cv and dv to
compute the heavy-quark current correlation function, since they multiply the finite,
renormalized NRQCD correlation function in (3.2). One may wonder then what is the
difference between the NRQCD current and the NRQCD Lagrangian matching coeffi-
cients d1, d2 etc., since for the latter we need the O(ǫ) terms as stated and given above.
The reason is the particular definition (3.29) of the current matching coefficient. Imagine
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that we calculate the QCD and NRQCD vertex functions Γ with non-vanishing external
relative momentum. Then the NRQCD diagrams are no longer scaleless and ΓNRQCD
is the sum of potential, soft and ultrasoft loop momentum contributions. Because of
the 1/v factors from potential gluon exchange, the higher-dimensional NRQCD interac-
tions contribute to the leading current matching equation at some order in perturbation
theory. As a result ΓNRQCD will be different whether one uses the NRQCD Lagrangian
with four-dimensional or with d-dimensional short-distance coefficients. The difference
is, however, a local term that can be absorbed into the matching coefficients of the
external currents. Which definition does (3.29) correspond to? Suppose we follow the
more conventional path to define the renormalized effective Lagrangian with d = 4 short-
distance coefficients. In this case ΓNRQCD does not represent the sum of all potential, soft
and ultrasoft loop momentum regions plus the hard ones not connected to the external
vertex (encapsulated in the Lagrangian matching coefficients d1 etc.), since one misses
some O(ǫ) terms from hard subgraphs that multiply divergent soft, potential or ultrasoft
loops. These missing local contributions can be and must be added back by adapting
the external current matching coefficient. Hence the matching coefficient cv defined by
this prescription does not correspond to (3.29). On the other hand, the NRQCD La-
grangian with d-dimensional short-distance coefficients reproduces these missing terms
directly, so the matching coefficient corresponding to this case is simply the contribution
from the purely hard (h-h-...-h) regions as it was defined in (3.29). Moreover, the purely
hard regions can now be computed directly at zero external relative momentum, which
simplifies the calculation.
The same discussion applies to the matching of the potentials in PNRQCD, to which
we turn next. However, while the O(ǫ) terms of the NRQCD Lagrangian are relevant only
at NNNLO, the difference between four- and d-dimensional potentials in the PNRQCD
Lagrangian matters already at NNLO. The d-dimensional ones must be used in conjunc-
tion with (3.29) as was done in [24].
3.6 Matching of the axial-vector current
Due to the v2 suppression of the P-wave correlation function (3.5) relative to the S-wave
case (3.3), the hard matching coefficient ca of the axial-vector current is needed only
with one-loop accuracy for the NNNLO calculation of the top-quark pair production
cross section near threshold. The relevant expression is
ca = 1− 4CF · αs
4π
+O(α2s) . (3.46)
The two-loop correction is also known [94].
4 Potential NRQCD
As discussed in Section 2.2 to perform the all-order resummation, a second matching
procedure is required, by which the soft region and potential light fields (gluons and
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light quarks) are integrated out. This results in the potential NRQCD (PNRQCD)
effective field theory [24,79,85,86,87]. In PNRQCD the light fields are purely ultrasoft
and the heavy quarks are potential, hence the terms in the effective Lagrangian can be
assigned a unique scaling in the velocity expansion. The effective Lagrangian relevant
to the third-order calculation takes the simple form
LPNRQCD = ψ†
(
i∂0 + gsA0(t, 0) +
∂
2
2m
+
∂
4
8m3
)
ψ + χ†
(
i∂0 + gsA0(t, 0)− ∂
2
2m
− ∂
4
8m3
)
χ
+
∫
dd−1r
[
ψ†aψb
]
(x+ r) Vab;cd(r,∂)
[
χ†cχd
]
(x)
−gsψ†(x)x · E(t, 0)ψ(x)− gsχ†(x)x · E(t, 0)χ(x), (4.1)
where
Vab;cd(r,∂) = T
A
abT
A
cdV0(r) + δVab;cd(r,∂) (4.2)
with V0 = −αs/r the tree-level colour Coulomb potential. The PNRQCD Lagrangian
consists of kinetic terms (first line; including the relativistic corrections proportional
to ∂4/m3), heavy-quark potential interactions (second line) and an ultrasoft interac-
tion that contributes first at third order. The heavy-quark potentials generated in the
the matching to PNRQCD should be considered as short-distance coefficients of the
PNRQCD interactions. They are split into the tree-level Coulomb potential, which must
be treated non-perturbatively and a remainder δVab;cd(r,∂), which represents a pertur-
bation. To achieve a homogeneous velocity scaling the position argument of ultrasoft
fields should be multipole-expanded in interactions with heavy quarks [82,84,95], which
explains the space-time argument of A0 and the chromo-electric field in the ultrasoft
interaction terms.
As will be discussed below no further matching of the non-relativistic vector current
is needed, that is ψ†σiχ|NRQCD = ψ†σiχ|PNRQCD to the required accuracy. Thus, instead
of (3.3), we have to calculate
G(E) =
i
2Nc(d− 1)
∫
ddx eiEx
0 〈0| T ( [χ†σiψ](x) [ψ†σiχ](0))|0〉|PNRQCD , (4.3)
where now the matrix element must be evaluated to third-order in PNRQCD perturba-
tion theory.
The dimensionally regulated PNRQCD Lagrangian required for second-order calcula-
tions of heavy-quark pair production near threshold was provided in [24], and the explicit
derivation of the ultrasoft interaction in the third line of (4.1) from NRQCD was given
in [95]. The only new piece that is needed is the third-order heavy-quark potential in
δVab;cd(r,∂). In the remainder of this subsection we first give the PNRQCD Feynman
rules (when the ultrasoft interactions are neglected) and then sketch several ways of
deriving these rules and the form of the propagator. Subsequently, we summarize the
heavy-quark potentials. We also derive equation-of-motion relations that allow us to re-
duce the number of potential insertions to be calculated and briefly discuss the ultrasoft
contribution already calculated in [52].
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p p
′
p
′p
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dc
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all δVX
G(p,p′;E) δVX(p,p
′)
Figure 7: PNRQCD Feynman rules.
4.1 Feynman rules
We begin by summarizing the rules for calculating PNRQCD diagrams with insertions of
potential interactions, but no ultrasoft interactions. Since the leading-order Lagrangian
includes the Coulomb potential V0(r), the propagator is the one for a heavy quark anti-
quark pair. We draw the propagator as in the left diagram of figure 7, where the blob
stands for the sum of all potential (Coulomb) ladder diagrams, which is included in the
propagator. For a pair in a colour-singlet state each propagator gives a factor
1
Nc
δbcδda iG
(1)
0 (p,p
′;E), (4.4)
where E =
√
s − 2m is the non-relativistic energy of the pair and p (p′) the three-
momentum of the in-coming (out-going) quark. For the colour-octet state the propagator
is 2 TAbcT
A
da iG
(8)
0 (p,p
′;E). The function G(R)0 (p,p
′;E) is the solution to the d-dimensional
Lippmann-Schwinger equation for a pair in irreducible SU(3) colour representation R,(
p2
m
− E
)
G
(R)
0 (p,p
′;E) + µ˜2ǫ
∫
dd−1k
(2π)d−1
4πDRαs
k2
G
(R)
0 (p− k,p′;E)
= (2π)d−1 δ(d−1)(p− p′) , (4.5)
where the DR = −CF and DR = −(CF − CA/2) for the colour-singlet and colour-
octet representation, respectively. Explicit expressions will be given below. The scale
µ˜ = µ [eγE/(4π)]1/2 is defined such that minimal subtraction of 1/ǫ poles corresponds to
the MS rather than MS scheme [80]. The Fourier transform
G
(R)
0 (r, r
′;E) =
∫
dd−1p
(2π)d−1
dd−1p′
(2π)d−1
eip·r e−ip
′·r′ G(R)0 (p,p
′;E) (4.6)
satisfies in d = 4 dimensions the Schro¨dinger equation(
−∇
2
(r)
m
+
DRαs
r
−E
)
G
(R)
0 (r, r
′;E) = δ(3)(r− r′) . (4.7)
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In the following, when the superscript is left out, the propagator refers to the colour-
singlet representation.
The vertex associated with the insertion of a perturbation potential δVab;cd(p,p
′) in
momentum space is given by
iδVab;cd(p,p
′) , (4.8)
and internal relative momenta pi are integrated over with measure µ˜
2ǫ
∫
dd−1pi/(2π)d−1.
Note that the insertion of a potential does not change the colour-state of the quark anti-
quark pair, when it is in an irreducible representation, that is the colour-singlet or the
colour-octet state. The reason for this is that 1
Nc
δbcδda and 2 T
A
bcT
A
da constitute a complete
set of orthogonal projectors.12 If the in-coming pair is, for example, in the colour-singlet
state, all propagators will be colour-singlet propagators and the potential insertions are
effectively projected to the colour-singlet potential
δV (p,p′) =
1
Nc
δbcδda δVab;cd(p,p
′). (4.9)
This is different when an ultrasoft gluon is emitted, in which case the pair changes its
colour state, as explicitly seen in (4.126) below.
A general PNRQCD diagram with multiple insertions of perturbation potentials is
therefore an expression of the form
∫ [∏
i
dd−1pi
(2π)d−1
]
iG0(p1,p2;E)iδV1(p2,p3)iG0(p3,p4;E) iδV2(p4,p5)iG0(p5,p6;E) . . .
(4.10)
(for the case of a colour-singlet state). For convenience of notation here and below we
often leave out factors of µ˜2ǫ required in dimensional regularization to restore the proper
dimension of the given expression.
4.2 Three derivations of the PNRQCD rules
In this section we sketch three derivations of the rules for PNRQCD perturbation theory:
diagrammatic, quantum-mechanical, and by path-integral methods. For simplicity we
assume the colour-singlet representation, but the derivation is easily generalized to an
arbitrary irreducible representation.
4.2.1 Diagrammatic
Consider the amputated amplitude of the heavy-quark scattering process Q(p1)Q¯(p2)→
Q(p′1)Q¯(p
′
2) with non-relativistic external momenta p1 = (E/2,p), p2 = (E/2,−p) and
p′1 = (E/2,p
′), p′2 = (E/2,−p′) in the rest frame of the QQ¯ pair. The sum of all (ladder)
12See [96,97] for a general discussion of the colour decomposition in arbitrary representations.
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diagrams with any number (greater than zero) of leading-order potential insertions V0(r)
is given in momentum space by
H(p,p′;E) =
∞∑
n=0
Cn+1F
∫ [ n∏
i=1
ddki
(2π)d
]
(igs)
2i
(k1 − k0)2
(igs)
2i
(k2 − k1)2 . . .
(igs)
2i
(kn+1 − kn)2
·
n∏
i=1
i
E
2
+ k0i − (p+ki)
2
2m
+ iǫ
−i
E
2
− k0i − (p+ki)
2
2m
+ iǫ
, (4.11)
where we define kn+1 = p
′ − p and k0 ≡ 0. We perform the integrations over the loop
momentum zero components k0i by closing the contour in the upper half plane, and pick
up the residues from the poles at k0i = E/2− (p+ ki)2/(2m) + iǫ, which results in
H(p,p′;E) = i
∞∑
n=0
(−g2sCF )n+1
∫ [ n∏
i=1
dd−1ki
(2π)d−1
]
1
k21
×
n∏
i=1
1
(ki+1 − ki)2(E − (p+ki)22m + iǫ)
. (4.12)
The n = 0 term in this and the previous sum is understood as (−ig2sCF )/(p′−p)2, which
is the expression for the exchange of a single potential (Coulomb) gluon. H(p,p′;E) sums
the leading p-p-...-p region to all orders.
Next we multiply the propagator factors (−i)/(E + iǫ−p2/m) for the external pairs
of lines and add the zero-Coulomb exchange graph. Multiplying by (−i) this defines
G0(p,p
′;E) = −(2π)
d−1δ(d−1)(p′ − p)
E + iǫ− p2
m
+
1
E + iǫ− p2
m
iH(p,p′;E)
1
E + iǫ− p′ 2
m
. (4.13)
It is straightforward to show that this expression satisfies the d-dimensional Lippmann-
Schwinger equation (4.5), and hence represents the colour-singlet Coulomb Green func-
tion. The summation of ladder diagrams is therefore accomplished by associating the
quantity iG0(p,p
′;E) with the propagator of the quark anti-quark pair and the vertex
iδV (p,p′) with the interaction potentials. It is understood that the integrations over
the zero-components of loop momenta are already done.
Note that while no closed expression for the Green function is known in d dimensions,
it is important that the above expression is defined in dimensional regularization, and
that it can be expanded perturbatively in g2s in d dimensions. This guarantees the
consistency of the dimensional regularization procedure, which requires subtracting terms
with a finite number of Coulomb exchanges from G0(p,p
′;E) in d dimensions as will be
seen in part II of the paper.
The PNRQCD correlation function (4.3) describes a quark anti-quark pair created in
a colour-singlet, spin-triplet state at point 0, which propagates and is destroyed locally
at point x. In terms of the momentum-space propagator it is given by
G(E) =
∫
dd−1p
(2π)d−1
dd−1p′
(2π)d−1
[
G
(1)
0 (p,p
′;E)
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+∫
dd−1p1
(2π)d−1
dd−1p′1
(2π)d−1
G
(1)
0 (p,p1;E) iδV (p1,p
′
1) iG
(1)
0 (p
′
1,p
′;E) + . . .
]
, (4.14)
where the potential refers to the colour-singlet potential (4.9), and the ellipses to terms
with multiple potential insertions. Both the propagator and the potential carry spin-
indices in general. However, the unperturbed PNRQCD Lagrangian is spin-independent,
so the propagator is diagonal in the spin indices and we drop the δαβ′δα′β spin factor.
The spin-dependence of the perturbation potential enters only at NNLO, hence up to
N3LO only one of the δV insertions can carry a non-trivial spin-dependence. When this
insertion appears in (4.14), δV is understood as
δV =
1
2(d− 1) σ
i
αα′ δVαβ′;α′β σ
i
ββ′ , (4.15)
and the trace must be carried out in d dimensions. Greek indices of the potential refer
to spin (rather than colour). The normalization factor and Pauli matrices result from
the definition of (4.3) and correspond to the spin-triplet projection of the potential. For
the insertions of spin-independent potentials the spin-factor
1
2(d− 1) σ
i
αα′ δαβ′δα′β σ
i
ββ′ = 1 (4.16)
is included in (4.14)
4.2.2 Quantum-mechanical
With only potential interactions the PNRQCD Lagrangian can be projected onto the
Fock states with a single quark and a single anti-quark without loss of content, since
potential interactions do not change particle number. We define the centre-of-mass wave
function of a quark anti-quark state |ψ〉 in the position-space representation via
ψ(t, r) = 〈0|[ψ(t, r/2)χ†(t,−r/2)]†|ψ〉 , (4.17)
which is a matrix in colour and spin indices. For simplicity, we assume again a pro-
jection on the colour-singlet representation. By reversing the steps that lead from the
Schro¨dinger equation to a second-quantized Schro¨dinger field theory, making use of the
field equation and the canonical commutation relations, we find that
i∂tψ(t, r) = Hψ(t, r) =
[
−∇
2
m
+ CFV0(r) + δV (r)
]
ψ(t, r) . (4.18)
The Green function of the Schro¨dinger operator is given by 〈r|[H − E − iǫ]−1|r′〉 with
|r〉 a quark anti-quark separation eigenstate with eigenvalue r. In operator notation the
Green function is GˆH(E) = [H − E − iǫ]−1 such that
GˆH(E) = Gˆ0(E) + Gˆ0(E)iδV iGˆ0(E) + . . . , (4.19)
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where Gˆ0(E) = [H0−E−iǫ]−1 and H = H0+δV . Since G(1)0 (r, r′;E) = 〈r|Gˆ0(E)|r′〉, the
previous equation verifies the PNRQCD Feynman rules. In this notation the correlation
function (4.3) is given by
G(E) = 〈0|GˆH(E)|0〉 , (4.20)
which is equivalent to (4.14) upon using (4.19) and inserting complete sets of momentum
eigenstates,
1 =
∫
dd−1p
(2π)d−1
|p〉〈p| , (4.21)
leaving the spin-average being implicit.
4.2.3 Path integral derivation
In [85,86,87] the PNRQCD Lagrangian is expressed in terms of composite colour-singlet
and colour-octet fields. Here we provide a path-integral derivation of this formulation.
We focus on the colour-singlet field and drop the colour and spin indices of the composite
field
[S(x, y)]x0=y0 =
[
ψ†(x)χ(y)
]
x0=y0
,
[
S†(y, x)
]
x0=y0
=
[
χ†(y)ψ(x)
]
x0=y0
. (4.22)
The partition function ZPNRQCD of PNRQCD is defined as
ZPNRQCD =
∫
DψDψ†DχDχ† exp
{
i
∫
d4xLPNRQCD(x)
}
, (4.23)
where we use the leading-order PNRQCD Lagrangian
LPNRQCD(x) = ψ†(x)
[
i∂0 +
∂
2
2m
]
ψ(x) + χ†(x)
[
i∂0 − ∂
2
2m
]
χ(x)
−
∫
d4y
[
ψ†(x)χ(y)
]
V (x, y)
[
χ†(y)ψ(x)
]
, (4.24)
with the quark anti-quark potential V (x, y) = V0(x−y)δ(x0−y0). The derivation remains
however valid with an arbitrary potential, not just the leading-order Coulomb potential.
The different sign of the potential term relative to (4.1) is due to the different order of
fermion fields. The composite field is introduced by means of
1 =
∫
DS δ
(
[S(x, y)]x0=y0 −
[
ψ†(x)χ(y)
]
x0=y0
)
=
∫
DSDσ exp
{
i
∫
d4x
∫
d4y σ(x, y)δ(x0 − y0) (S(x, y)− [ψ†(x)χ(y)])} , (4.25)
where the second line is the Fourier representation of the functional delta-function which
introduces the auxiliary field σ. With a similar formula for the complex conjugate field
we can rewrite the partition function as
ZPNRQCD =
∫
DψDψ†DχDχ†DSDS†DσDσ† exp
{
i
∫
d4x
∫
d4yLψ,χ,S,σ(x, y)
}
, (4.26)
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where
Lψ,χ,S,σ(x, y) = ψ†(x)KQ(x, y)ψ(y) + χ†(x)KQ¯χ(y)− S(x, y)V (x, y)S†(y, x)
+Σ(x, y)
(
S(x, y)− [ψ†(x)χ(y)])
+Σ†(y, x)
(
S†(y, x)− [χ†(y)ψ(x)]) . (4.27)
To make equations concise we introduced Σ(x, y) = σ(x, y)δ(x0 − y0) and
KQ(x, y) = δ
4(x− y)
(
i∂0 +
∂
2
2m
)
y
,
KQ¯(x, y) = δ
4(x− y)
(
i∂0 − ∂
2
2m
)
y
. (4.28)
Our task is to integrate over ψ, χ, σ and their conjugates to obtain the Lagrangian for
the S field. In the following we do this step by step obtaining the sequence of Lagrangians
Lψ,χ,σ,S ψ→ Lχ,σ,S χ→ Lσ,S σ→ LS . (4.29)
We drop field-independent factors which can be absorbed into the path-integral measure.
First we integrate out ψ and its conjugate by completing squares in the exponent:∫
d4x
∫
d4yLψ,χ,S,σ(x, y) =
∫
d4x
∫
d4y [Lψ,χ,S,σ(x, y)]ψ=0
+
(
ψ† − χ† · Σ† ·K−1Q
) ·KQ · (ψ −K−1Q · Σ · χ)− χ† · Σ† ·K−1Q · Σ · χ . (4.30)
In the second line the abbreviation (·) stands for the integration of the adjoining variables,
such that, for example, the last term reads explicitly
χ† · Σ† ·K−1Q · Σ · χ =
∫
d4x
∫
d4z1
∫
d4z2
∫
d4y χ†(x)Σ†(x, z1)K−1Q (z1, z2)Σ(z2, y)χ(y) .
(4.31)
The inverse operators are given by
K−1Q (x, y) =
∫
d4p
(2π)4
e−ip(x−y)
p0 − p2
2m
+ iǫ
,
K−1
Q¯
(x, y) =
∫
d4p
(2π)4
e−ip(x−y)
p0 + p
2
2m
− iǫ . (4.32)
Changing variables to ψ′ = ψ −K−1Q · Σ · χ (similarly for ψ†) and integrating over ψ, ψ†
we obtain∫
d4x
∫
d4yLχ,S,σ(x, y) =
∫
d4x
∫
d4y [Lψ,χ,S,σ(x, y)]ψ=0 − χ† · Σ† ·K−1Q · Σ · χ. (4.33)
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The integration over χ, χ† is done analogously resulting in the partition function
ZPNRQCD =
∫
DSDS†DσDσ† det(1−K−1
Q¯
· Σ† ·K−1Q · Σ) (4.34)
× exp
(
i
∫
d4xd4y
{
S(x, y)Σ(x, y) + S†(y, x)Σ†(y, x)− S(x, y)V (x, y)S†(y, x)
})
.
The determinant contains the σ field. To write it as a term in the Lagrangian we use
det(1−K−1
Q¯
· Σ† ·K−1Q · Σ) = exp
{
Tr ln
(
1−K−1
Q¯
· Σ† ·K−1Q · Σ
)}
= exp
{
−TrK−1
Q¯
· Σ† ·K−1Q · Σ+ . . .
}
, (4.35)
and keep only the bilinear term in the Σ field in the expansion of the logarithm. We
comment on the other terms below. The Lagrangian after this procedure is∫
d4x
∫
d4yLS,σ(x, y) =
∫
d4x
∫
d4y
(
S(x, y)Σ(x, y) + S†(y, x)Σ†(y, x)− S(x, y)V (x, y)S†(y, x)
)
+
∫
d4x
∫
d4y
∫
d4x′
∫
d4y′Σ†(y′, x′) iK−1Q (x
′, x)K−1
Q¯
(y, y′)Σ(x, y) . (4.36)
Now we integrate over the delta-functions in the time coordinates implicit in the defini-
tion of the Σ field and obtain∫
d4x
∫
d4yLS,σ(x, y) =
∫
d7z
(
S(z)σ(z) + S†(z)σ†(z)− S†(z)V (z)S(z)
)
+
∫
d7zd7z′ σ†(z′) iKσ(z′; z)σ(z) , (4.37)
where z = (t,x,y) represents the coordinates of the quark and anti-quark at coincident
time t = x0 = y0. The fields with argument z are defined as
S(z) = [S(x, y)]x0=y0
σ(z) = [σ(x, y)]x0=y0 ,
Kσ(z
′, z) =
[
K−1Q (x
′, x)K−1
Q¯
(y, y′)
]
t=x0=y0, t′=x0′=y0′
(4.38)
The last step consists of performing the Gaussian integral over σ. The inverse of Kσ is
defined by
δ(7)(z1 − z2) =
∫
d7z K−1σ (z1, z)Kσ(z, z2), (4.39)
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resulting in∫
d7z LS(z) =
∫
d7zd7z′ S(z′) iK−1σ (z
′, z)S†(z)−
∫
d7z S†(z)V (z)S(z) . (4.40)
To compute iK−1σ (z
′, z) we use (4.38) and the definitions (4.32). The integrals over the
zero-components of the two momenta can be written as integrals over relative momentum
q0 and total momentum P 0. Since the exponentials are independent of P 0, the P 0 integral
can be performed by contour integration which gives
Kσ(z
′, z) =
∫
d7K
(2π)7
e−iK(z
′−z) i
q0 − p2
2m
− p′2
2m
, (4.41)
where K = (q0,p,p′). It follows that
K−1σ (z, z
′) = δ(7)(z − z′) (−i)
[
i∂0 +
∂
2
x
2m
+
∂
2
y
2m
]
, (4.42)
and therefore
ZPNRQCD =
∫
DSDS† exp
{
i
∫
d7z LS(z)
}
(4.43)
with
LS(z) =
∫
d7z S†(z)
{
i∂0 +
∂2z
2m
− V (z)
}
S(z). (4.44)
After separating the free centre-of-mass motion this represents the PNRQCD Lagrangian
expressed in terms of the composite quark anti-quark field.
When one keeps the higher-order terms in the expansion of the logarithm in (4.35)
the path-integral over σ can no longer be done exactly. Expanding the quartic and
higher-order terms in the exponential, we obtain vertices involving four and more S
fields, which describe scattering of composite fields. These terms are clearly not relevant
to the threshold dynamics of a single quark anti-quark pair.
4.3 Explicit forms of the propagator (Coulomb Green function)
In four dimensions explicit solutions for the the Schro¨dinger equation (4.7) can be found,
equivalent to the sum of diagrams (4.13). We quote the results for the colour-singlet
Green function. The general case is obtained by substituting CF → −DR everywhere.
The momentum space PNRQCD propagator (Coulomb Green function) can be ex-
pressed in the form [98]
G0(p,p
′;E) = −(2π)
3δ(3)(p′ − p)
E − p2
m
+
1
E − p2
m
g2sCF
(p− p′)2
1
E − p′ 2
m
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+
1
E − p2
m
∫ 1
0
dt
g2sCF λ t
−λ
(p− p′)2 t− m
4E
(E − p2
m
)(E − p′ 2
m
)(1− t)2
1
E − p′ 2
m
, (4.45)
which closely resembles (4.13) and shows that the sum from n = 1 to infinity in (4.12)
can be transformed into a remarkably simple integral.13 At this point we omit the +iǫ
prescription on E and regard G0(p,p
′;E) as a function of a complex energy variable,
which has a cut for E > 0 and isolated poles on the negative real axis. The variable λ
equals αsCF/(2
√−E/m) as defined in (2.5). The first line of (4.45) separates the zero-
and one-Coulomb gluon exchange terms. In practice, we find it simpler to perform the
all-order summation in the position space representation, where the potential insertions
take a simple multiplicative (rather than convolutive) form, and therefore we do not
make use of the above representation in the calculation in paper II.
An integral representation for the position space Coulomb Green function is
G0(r, r
′;E) = − m
4πΓ(1 + λ)Γ(1− λ)
∫ 1
0
dt
∫ ∞
1
ds [s(1− t)]λ[t(s− 1)]−λ
× ∂
2
∂t∂s
(
ts
|sr− tr′| e
−√−mE ((1−t)r′+(s−1)r+|sr−tr′|)
)
, (4.46)
valid for r > r′, where r = |r|, r′ = |r′| [99]. For r < r′ exchange r ↔ r′ in the above
expression. Putting one of the arguments to zero, this simplifies to
G0(0, r;E) =
m
√−mE
2π
e−
√−mE r
∫ ∞
0
ds e−2rs
√−mE
(
1 + s
s
)λ
, (4.47)
which depends only on r = |r|. We use this form of the Coulomb Green function mainly
for propagators connecting to the external current vertex, in which case (4.47) applies.
For the general case of a propagator in between two potential insertions the represen-
tation of the position-space Green function in terms of Laguerre polynomials L
(2l+1)
n (x)
[100,101] turns out to be most useful. In this representation one first performs a partial
wave expansion
G0(r, r
′;E) =
∞∑
l=0
(2l + 1)Pl
(
r · r′
rr′
)
G[l](r, r
′;E) , (4.48)
where Pl(z) are the Legendre polynomials. The partial-wave Green functions read
G[l](r, r
′;E) =
mp
2π
(2pr)l(2pr′)l e−p(r+r
′)
∞∑
s=0
s!L
(2l+1)
s (2pr)L
(2l+1)
s (2pr′)
(s+ 2l + 1)!(s+ l + 1− λ) , (4.49)
where p =
√−mE, and the Laguerre polynomials are defined by
L(α)s (z) =
ezz−α
s!
(
d
dz
)s [
e−zzs+α
]
. (4.50)
13Note the sign change compared to [98], since Schwinger defines the Green function with an opposite
sign.
36
Since at NNNLO accuracy the potential insertions cannot change the angular momentum
of the quark anti-quark pair and since the production current ψ†σiχ creates an S-wave
state, we only need the l = 0 Green function to compute the potential contributions
to the PNRQCD correlation function (4.3). The P-wave Green function is required to
compute the ultrasoft contribution [49,52] and the contribution (3.4) from the P-wave
production current.
A general property of the Coulomb interaction is that the ultraviolet behaviour of
the ladder diagrams improves with the number of exchanges. Thus, when the external
current or potential insertions cause UV divergences, it is necessary to subtract only the
first few terms in the sum of ladder diagrams. The divergent diagrams must be done
in d dimensions using standard methods, while for the convergent remainder one of the
above expressions, properly subtracted, can be used. We therefore use the notation14
G0(...;E) = G
(0ex)
0 (. . . ;E) +G
(1ex)
0 (...;E) + . . .+G
(n ex)
0 (...;E) +G
(>n ex)
0 (...;E) . (4.51)
For example, the three terms in (4.45) correspond to G
(0ex)
0 (. . . ;E) + G
(1ex)
0 (...;E) +
G
(>1 ex)
0 (...;E).
From (4.14) it follows that the leading term in G(E) equals G0(r = 0, r
′ = 0;E),
which is, however, divergent as can be seen from (4.47). To compute G0(0, 0;E) in
dimensional regularization, we note that the zero-Coulomb exchange term is linearly
divergent, the one-Coulomb exchange logarithmically, and the remainder is convergent.
We therefore compute G
(0ex)
0 (0, 0;E) +G
(1ex)
0 (0, 0;E) from the first line of (4.45), which
yields
G
(0+1ex)
0 (0, 0;E) =
∫
dd−1p
(2π)d−1
−1
E − p2
m
+
∫
dd−1p
(2π)d−1
dd−1p′
(2π)d−1
1
E − p2
m
g2sCF
(p− p′)2
1
E − p′ 2
m
=
m2
4π
[
−
√
−E
m
− αsCF
{
− 1
4ǫ
+
1
2
ln
(−4mE
µ2
)
− 1
2
}
+O(ǫ)
]
. (4.52)
The remaining terms can be calculated from a modified version of (4.47) with r = 0 and
integrand (1+s)λ s−λ+δ. After subtracting the first two terms of the αs expansion the re-
sult is finite as the regulator δ → 0 and gives the remaining contribution G(>1ex)(0, 0;E).
The final result for the MS subtracted zero-distance Green function [95,102] is
GMS0 (0, 0;E) =
m2
4π
[
−
√
−E
m
− αsCF
{
1
2
ln
(−4mE
µ2
)
− 1
2
+ γE +Ψ(1− λ)
}]
.
(4.53)
The poles of the Euler Psi-function at positive integer λ correspond to the S-wave quark
anti-quark bound states. Near the bound-state poles the Green function takes the form
G0(0, 0;E)
E→En=
|ψn(0)|2
En − E − iǫ + regular , (4.54)
14In an abuse of notation we now use a superscript on the Green function to denote a) the colour
representation and b) the number of Coulomb exchanges. What is meant should be clear from the
context.
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where ψn(0) is the wave-function at the origin of the nth bound state with energy En =
−(mα2sC2F )/(4n2). The imaginary part of the Green function for E > 0 is known as the
Sommerfeld factor [103]. Explicitly, the imaginary part below and above threshold is
given by
ImG0(0, 0;E) =
∞∑
n=1
1
8
(
αsCFm
n
)3
δ(E − En) + θ(E) m
2
4π
παsCF
1− e−piαsCFv
, (4.55)
for real energies E = mv2. This expression can be used in (1.2) to obtain the leading-
order approximation to the resummed top pair production cross section in the threshold
region for zero width of the top quark.
4.4 Potentials
We now summarize the momentum-space potentials required for the NNNLO calculation
with the PNRQCD Lagrangian (4.1). Only the colour-singlet projection
V (p,p′) =
1
Nc
δbcδda Vab;cd(p,p
′) = V1(p,p′) + CFVT (p,p′) (4.56)
of the general quark anti-quark potential V11ab1cd + VTT
A
abT
A
cd is relevant to top-quark
pair production through the electromagnetic and electroweak current, and this will be
given in the following.
The various potential terms can be ordered in a 1/m expansion, beginning with the
Coulomb potential of order 1/m0. Allowing for the spin-dependence from order 1/m2,
we write the singlet-potential in the general form:
V (p,p′) = −VC(αs)4πCFαs
q2
+ V1/m(αs)π
2(4π)CFαs
m|q|
+Vδ(αs)2πCFαs
m2
− Vs(αs)πCFαs
4m2
[σi, σj]⊗ [σi, σj]
−Vp(αs)2πCFαs(p
2 + p′2)
m2q2
+ Vhf(αs)πCFαs
4m2q2
[σi, σj ]qj ⊗ [σi, σk]qk
−Vso(αs)3πCFαs
2m2q2
(
[σi, σj ]qipj ⊗ 1− 1⊗ [σi, σj ]qipj
)
+ . . . . (4.57)
The coefficients VX of the potentials are αs dependent:
Vi(αs) = V(0)i +
αs
4π
V(1)i +
(
αs
4π
)2
V(2)i +O(α3s). (4.58)
The above representation of the potential therefore corresponds to an expansion in αs
and v, since the potential momenta p, p′ and q are of order mv. With v ∼ αs the leading
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term is of order αs/q
2 ∼ 1/v. The ellipses denote terms of order α2s|q|/m3, αsq2/m4 ∼
v3, which would contribute from N4LO. A notation has been used which is valid in
d dimensions by avoiding the use of vector products or the totally antisymmetric ǫ
tensor that would arise from using the three-dimensional identity for the commutator of
Pauli matrices. The coefficients of the potentials are chosen such that the leading-order
coefficients are either one or zero. The tensor products a ⊗ b refer to the spin matrices
on the quark (a) and anti-quark line (b). For the first three and the fifth terms of (4.57),
which are spin-independent, we omitted the trivial 1⊗ 1 factor.
The on-shell matching calculation of the potential coefficients V(3)C , V(2)1/m, V(1)δ , V(1)p
results in infrared (IR) divergences [36,41,104], which are related to ultraviolet diver-
gences in the calculation of the ultrasoft correction. It is convenient to subtract these
divergences in the results given below and add them back to the ultrasoft calculation
(see [49,52] and section 4.8). The subtraction term, which is added15 to the potential, is
δVc.t. =
αsCF
6ǫ
[
C3A
α3s
q2
+ 4
(
C2A + 2CACF
) πα2s
m|q|
+16
(
CF − CA
2
)
αs
m2
+ 16CA
αs
m2
p2 + p′ 2
2q2
]
. (4.59)
In addition to potential insertions, the relativistic correction to the kinetic energy
term ±∂4/(8m3) in (4.1) needs to be included in PNRQCD perturbation theory. For-
mally, this can be done by adding
Vkin = − p
4
4m3
(2π)d−1δ(d−1)(p− p′) . (4.60)
to the potential. Since Vkin ∼ v, it counts as a NNLO potential. The delta function
eliminates the momentum integration that is associated with a potential insertion, but
which is not present for the kinetic energy correction to a (anti-)quark propagator.
We now present the results for the potential coefficients, starting with the Coulomb
potential.
4.4.1 The Coulomb potential
The coefficient VC(αs) encodes the quantum corrections to the Coulomb potential, which
are needed up to the three-loop order. The insertions of Coulomb potentials are finite,
so we do not need the d-dimensional expression of the potential, as long as only Coulomb
potential insertions are considered. This reflects the fact that the Schro¨dinger equation
with the 1/r potential is non-singular and could be solved exactly, without referring to
PNRQCD perturbation theory, as was done, for instance in [45]. However, in the third-
order computation of the top anti-top production cross section also the double insertion
15 Note that in [48] it was incorrectly stated that this term should be subtracted from the potential
(rather than added to it).
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of the NLO Coulomb potential together with the singular insertion of a NNLO non-
Coulomb potential has to be taken into account; hence the order ǫ part of the one-loop
Coulomb potential multiplies a divergent quantity and contributes to the final result.
The coefficient V (1)C is therefore given with the full ǫ dependence.
The first four terms in the expansion of the Coulomb potential can be represented in
the form
V (0)C = 1, (4.61)
V (1)C =
[(
µ2
q2
)ǫ
− 1
]
β0
ǫ
+
(
µ2
q2
)ǫ
a1(ǫ), (4.62)
V (2)C = a2 + (2a1β0 + β1) ln
µ2
q2
+ β20 ln
2 µ
2
q2
, (4.63)
V (3)C = a3 +
(
2a1β1 + β2 + 3a2β0 + 8π
2C3A
)
ln
µ2
q2
+
(
5
2
β0β1 + 3a1β
2
0
)
ln2
µ2
q2
+ β30 ln
3 µ
2
q2
, (4.64)
with
a1(ǫ) =
(
CA [11− 8ǫ]− 4 TFnf
)
eγEǫ Γ(1− ǫ) Γ(2− ǫ) Γ(ǫ)
(3− 2ǫ) Γ(2− 2ǫ) −
β0
ǫ
, (4.65)
a2 =
(
4343
162
+ 4π − π
2
4
+
22
3
ζ3
)
C2A −
(
1798
81
+
56
3
ζ3
)
CATFnf
−
(
55
3
− 16ζ3
)
CFTFnf +
400
81
(TFnf )
2. (4.66)
The one-loop correction a1 = a1(ǫ) has been known in d = 4 for some time [105,106].
We computed the d-dimensional expression and confirmed the result first shown in [107].
The term β0/ǫ without a momentum factor arises from the charge renormalization coun-
terterm and the square bracket in (4.62) produces the associated logarithm. However,
the expansion in ǫ can only be done after the momentum integrals of the potential in-
sertion are performed, if these integrals are divergent. The two-loop coefficient a2 has
first been calculated in [108,109] and correctly in [110].
The three-loop coefficient a3 is also known [55,56], though not all colour coefficients
have been computed analytically:
a3 = −
(
20
9
nfTF
)3
+
[
CA
(
12541
243
+
64π4
135
+
368
3
ζ3
)
+ CF
(
14002
81
− 416
3
ζ3
)]
(nfTF )
2
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+[
(−709.717)C 2A +
(
−71281
162
+ 264ζ3 + 80ζ5
)
CACF
+
(
286
9
+
296
3
ζ3 − 160ζ5
)
C 2F
]
nfTF
+
[
− 56.83(1)
(
dabcdF d
abcd
F
2NA TF
)]
nf
+
[
502.24(1)C 3A + (−136.39(12))
(
dabcdA d
abcd
F
2NA TF
)]
. (4.67)
The numerical coefficients are quoted from [56,111], and the color factors dabcdX d
abcd
Y for
SU(Nc) are given by
dabcdF d
abcd
F
2NA TF
=
N4c − 6N2c + 18
96N2c
,
dabcdA d
abcd
F
2NA TF
=
Nc (N
2
c + 6)
48
. (4.68)
Parts of the NNNNLO Coulomb potential are also known [112], but not needed for the
third-order cross section calculation.
The third-order Coulomb potential has an IR divergence [34,41,104], which cancels
against a divergence in the calculation of the NNNLO ultrasoft calculation. The corre-
sponding 1/ǫ pole is subtracted and therefore does not appear in (4.64), but the loga-
rithmic part multiplied by C3A in this equation comes from this divergence. Note that
the coefficient of this logarithm agrees with [41], but is three times larger than the one
in [34]. The reason for this is that here as in [41] all three loops are computed in d
dimensions not just the divergent one, as is required for consistency with the ultrasoft
calculation. Hence the divergence related to the Coulomb potential in (4.59) is multiplied
by (µ2/q2)3ǫ rather than (µ2/q2)ǫ.
4.4.2 The 1/m potential
The coefficient of the O(1/m1) potential is generated first at the one-loop order, where
it is suppressed by αsv relative to the leading Coulomb potential. Hence the two-loop
coefficient is required for the NNNLO calculation of the cross section. The insertions
of this potential cause ultraviolet divergences such that we need the one-loop coefficient
to O(ǫ2) and the two-loop one to O(ǫ). Up to the two-loop order we can represent the
O(1/m) potential in the form
V (0)1/m = 0 , (4.69)
V (1)1/m =
(
µ2
q2
)ǫ
b1(ǫ) , (4.70)
V (2)1/m =
[(
µ2
q2
)2ǫ
− 1
](
− 8
3ǫ
)(
2CFCA + C
2
A
)
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+[(
µ2
q2
)2ǫ
−
(
µ2
q2
)ǫ ]
2β0
ǫ
b1(ǫ) +
(
µ2
q2
)2ǫ
4b2(ǫ) , (4.71)
with
b1(ǫ) =
(
CF
2
[1− 2ǫ]− CA [1− ǫ]
)
eγEǫ Γ(1
2
− ǫ)2Γ(1
2
+ ǫ)
π
3
2 Γ(1− 2ǫ) , (4.72)
b2(ǫ) =
[
65
18
− 8
3
ln 2
]
CACF −
[
101
36
+
4
3
ln 2
]
C2A
+
[
49
36
CA − 2
9
CF
]
TFnf + ǫ b
(ǫ)
2 +O(ǫ
2) . (4.73)
Once again we subtracted the 1/ǫ IR pole that remains after charge renormalization
by adding the relevant part of δVc.t. from (4.59). Hence (4.71) is finite; however, the
expansion in ǫ must be performed only after the computation of the potential insertion.
The one-loop expression b1(ǫ) has been computed in d dimensions [24], and the four-
dimensional value b2(ǫ = 0) of the two-loop coefficient is quoted from [40]. The O(ǫ)
term of b2(ǫ) has been parameterized above by b
(ǫ)
2 . While known, it has not yet been
published [113]. In the numerical results in part II of the paper we use the estimate
b
(ǫ)
2 = −300, which is significantly larger but more realistic than our previous estimate
b
(ǫ)
2 = 0± 2b2(0) = 0± 34 (nf = 5) [48].
4.4.3 The 1/m2 potential
The coefficients of the O(1/m2) potentials are generated at tree level, where they are sup-
pressed by v2 relative to the leading Coulomb potential. Hence the one-loop coefficients
are required for the NNNLO calculation of the cross section. The tree-level coefficients
are:
V (0)δ = 1, V (0)p = 1, V (0)so = 1, V (0)hf = 1, V (0)s = 0. (4.74)
As can be seen from (4.57), spin-dependence arises first within the O(1/m2) potentials.
The insertions of these potentials are again ultraviolet divergent. We therefore need the
O(ǫ) term of the one-loop coefficients. These are available only from [59]. We computed
the d-dimensional expressions and confirmed the previous result. The spin-projected
expression has already been given in our previous work [48].
The complete one-loop coefficients consist of two different contributions. The first
arises from the one-loop correction to the NRQCD couplings di, already discussed in the
previous section. We call this the “hard” contribution. It can be extracted from the tree
diagrams in figure 8 with one-loop corrected NRQCD vertices. The second contribution
arises from explicitly integrating out soft loops.16 The corresponding one-loop NRQCD
16And, in general, the part of potential loops not reproduced by the PNRQCD interactions of lower
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Figure 8: NRQCD tree level diagrams of order 1/m2. Dashed (curly) lines denote the
A0 (Ai) gluon field. The number i at the vertex refers to the NRQCD interaction with
coefficient function di, see also figure 4 and (3.8), (3.11), (3.12). Symmetric diagrams
are not shown.
diagrams are shown in figure 9. These contributions will be called “soft”. The total
potential including tree and one-loop correction is then VX(αs) = V(hard)X (αs)+V(soft)X (αs).
The hard one-loop contributions can be easily calculated with the Feynman rules
presented in figure 4, since all required d-dimensional NRQCD matching coefficients are
already known at one-loop order from the previous section. The result reads:
V(hard)δ (αs) =
1
2
(1 + d2 − 16d5) + 1
2πCFαs
(dss + CFdvs) +O(α
2
s) (4.75)
= 1 +
αs
π
(
µ2
m2
eγE
)ǫ
Γ(ǫ)
[
CA
12ǫ3 − 44ǫ2 + 21ǫ− 13
−96ǫ2 + 24
+ CF
12ǫ4 − 32ǫ3 − 63ǫ2 − 4ǫ+ 3
6(2ǫ− 1)(2ǫ+ 1)(2ǫ+ 3) −
2TF
15
ǫ
]
+O(α2s),
V(hard)p (αs) = 1 +O(α2s), (4.76)
V(hard)so (αs) =
1
3
(2d1 + d3) +O(α
2
s) (4.77)
= 1 +
αs
π
(
µ2
m2
eγE
)ǫ
Γ(ǫ)
[
CA(2ǫ
2 − 1)− 2CF ǫ(2ǫ+ 1)
6ǫ− 3
]
+O(α2s),
V(hard)hf (αs) = d21 +O(α2s) (4.78)
= 1 +
αs
π
(
µ2
m2
eγE
)ǫ
Γ(ǫ)
[
CA(2ǫ
2 − 1)− 2CF ǫ(2ǫ+ 1)
4ǫ− 2
]
+O(α2s),
order. This happens for the 1/m potential as discussed in section 4.6 below. However, there is no
such contribution to the 1/m2 potentials at one loop. The reason for this is that in the case of the
1/m potential the relevant contribution arises from the box integral with all vertices of the leading-
order ψ†ψA0 type, expanded to subleading order in the potential region. The next correction is always
suppressed by two powers of v (for instance, from replacing one of the vertices by a O(v2) vertex from
the NRQCD Lagrangian), and hence can contribute only at order 1/m3.
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Figure 9: NRQCD one-loop diagrams of order 1/m2 (non-vanishing diagrams shown
only, symmetric diagrams not displayed).
V(hard)s (αs) =
1
2πCFαs
(dsv + CFdvv) +O(α
2
s) (4.79)
=
αs
π
(
µ2
m2
eγE
)ǫ
Γ(ǫ)
[
− CA
8
+
ǫ
4ǫ+ 2
CF
]
+O(α2s) .
In this notation the tree-level value of the potential coefficient is included and assigned
to the hard contribution.
The soft contributions come from diagrams of order 1/m2 shown in figure 9, from
diagrams of order 1/m0, where the denominator of a propagator has been expanded to
higher orders as appropriate to the soft region, from soft self-energy insertions contain-
ing gluons and light quarks into the tree diagrams, and from charge renormalization
counterterms. The final result is:
V(soft)δ (αs) =
αs
4π
[(
µ2
q2
)ǫ
ǫΓ(−ǫ)2Γ(ǫ)eγEǫ
12(4ǫ2 − 8ǫ+ 3)Γ(−2ǫ)
(
CA(48ǫ
3 − 230ǫ2 + 328ǫ− 138
−3d21(4ǫ2 − 9ǫ+ 5))− 4CF (ǫ− 1)(16ǫ2 − 38ǫ+ 21)
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−12nfTF (ǫ− 1)(1 + d2)
)
− d2 + 1
2
β0
ǫ
]
+O(α2s), (4.80)
V(soft)p (αs) =
αs
4π
[(
µ2
q2
)ǫ (−ǫ)Γ(−ǫ)2Γ(ǫ)eγEǫ(CA(56ǫ2 − 121ǫ+ 57) + 12nfTF (ǫ− 1))
6(4ǫ2 − 8ǫ+ 3)Γ(−2ǫ)
−β0
ǫ
]
+O(α2s), (4.81)
V(soft)so (αs) =
αs
4π
[(
µ2
q2
)ǫ −ǫΓ(−ǫ)2Γ(ǫ)eγEǫ
6(4ǫ2 − 8ǫ+ 3)Γ(−2ǫ)
(
CA(d3(8ǫ
2 − 19ǫ+ 11)
+2d1(8ǫ
2 − 15ǫ+ 5)) + 4(2d1 + d3)nfTF (ǫ− 1)
)
− 2d1 + d3
3
β0
ǫ
]
+O(α2s), (4.82)
V(soft)hf (αs) =
αs
4π
[(
µ2
q2
)ǫ (−d21)ǫ(ǫ− 1)Γ(−ǫ)2Γ(ǫ)eγEǫ(CA(4ǫ− 5) + 4nfTF)
(8ǫ2 − 16ǫ+ 6)Γ(−2ǫ) − d
2
1
β0
ǫ
]
+O(α2s), (4.83)
V(soft)s (αs) =
αs
4π
(
µ2
q2
)ǫ
d21ǫΓ(−ǫ)2Γ(ǫ)eγEǫCA
(8ǫ− 4)Γ(−2ǫ) +O(α
2
s). (4.84)
Here the di can be set to their tree-level value 1, since the entire expressions are already
of order αs. An alternative method of calculating the soft contribution is to extract
the soft region directly from the QCD diagrams. In this way, there are fewer diagrams
than in the NRQCD calculation (but more terms from the expansion). This calculation
has also been performed and we checked that the results are exactly the same. Note
that with the second method we cannot get the result in terms of the hard matching
coefficients, but we obtain (4.80) to (4.84) with di = 1.
Some remarks are in order on the pole structure of the hard and soft 1/m2 potential
coefficients. We first note that we did not yet add the relevant contribution from the
counterterm (4.59), so the expressions given are still divergent. The 1/ǫ pole in the hard
contribution is infrared, while the soft contribution contains both infrared and ultraviolet
divergences. It is instructive to separate the two:
Vδ(αs) = 1 + αs
4πǫ
{(
µ2
m2
)ǫ [
−13
6
CA − 2
3
CF
]
IR
+
(
µ2
q2
)ǫ([
13
6
CA +
2
3
CF
]
UV
+
[
8
3
CA − 16
3
CF
]
IR
)}
+O(α2s), (4.85)
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Vp(αs) = 1 + αs
4πǫ
(
µ2
q2
)ǫ [
8
3
CA
]
IR
+O(α2s), (4.86)
Vso(αs) = 1 + αs
4πǫ
{(
µ2
m2
)ǫ [
4
3
CA
]
IR
+
(
µ2
q2
)ǫ [
−4
3
CA
]
UV
}
+O(α2s), (4.87)
Vhf (αs) = 1 + αs
4πǫ
{(
µ2
m2
)ǫ
[2CA]IR +
(
µ2
q2
)ǫ
[−2CA]UV
}
+O(α2s), (4.88)
Vs(αs) = αs
4πǫ
{(
µ2
m2
)ǫ [
−CA
2
]
IR
+
(
µ2
q2
)ǫ [
CA
2
]
UV
}
+O(α2s). (4.89)
A term β0
(
(µ2/q2)
ǫ − 1) that was included in (4.80) to (4.84), which is related to the
logarithms from charge renormalization, has been omitted from the expression in curly
brackets for all potentials except the last one, which has no tree-level term. We see
that the IR poles from the hard region cancel the UV poles from the soft region, as
it should be, since these singularities arise from hard-soft factorization. The remaining
IR singularities in the soft contribution appear only in the spin-independent potentials
Vδ, Vp. They are precisely of the form of the remaining terms in the subtraction term
(4.59) and therefore cancel with UV divergences in the ultrasoft calculation. Again, the
structure of divergences is as required by consistency, since the ultrasoft contribution is
spin-independent at NNNLO.
4.5 The spin-projected colour-singlet potential
Since the spin-dependent potentials appear first at NNLO, their double insertion is of
higher order than NNNLO. Hence, when one computes the correlation function of the
spin-triplet current (4.3), or the corresponding spin-singlet one, the spin-algebra can
effectively be performed before the computation by working with spin-projected poten-
tials. Given a potential with spin-dependence a⊗ b, where a (b) refers to the spin-matrix
on the quark (anti-quark) line, we replace
spin-triplet: a⊗ b→ tr (σ
iaσib)
tr (σiσi)
1⊗ 1 = tr (σ
iaσib)
2(d− 1) 1⊗ 1 (4.90)
spin-singlet: a⊗ b→ tr (ab)
tr 1
1⊗ 1 = tr (ab)
2
1⊗ 1 (4.91)
Note that the traces must be performed in d− 1 space dimensions. Only the spin-triplet
projection is relevant to the third-order top production cross section in e+e− collisions.
For the three spin-dependent terms in the general potential (4.57), the projections result
in
[σi, σj ]qipj ⊗ 1− 1⊗ [σi, σj ]qipj → 0, (4.92)
[σi, σj ]qj ⊗ [σi, σk]qk → 10− 7d+ d
2
1− d 4q
2, (4.93)
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[σi, σj ]⊗ [σi, σj ]→ (−4)(10− 7d+ d2) , (4.94)
where we have omitted the trivial 1⊗ 1 dependence as done earlier.
After the projection the four potentials Vδ, Vso, Vhf , Vs in (4.57) can be merged into a
single expression V1/m2 , and we arrive at the spin-triplet, colour-singlet potential already
presented in [48]:
V (p,p′) = −4παsCF
q2
[
VC − V1/m π
2 |q|
m
+ V1/m2 q
2
m2
+ Vp p
2 + p′ 2
2m2
]
. (4.95)
The Coulomb and 1/m potentials are as given earlier. The two 1/m2 terms read, up to
the one-loop order:
V (0)p = 1 , (4.96)
V(1)p =
[(
µ2
q2
)ǫ
− 1
]
1
ǫ
(
8
3
CA + β0
)
+
(
µ2
q2
)ǫ
v(1)p (ǫ) , (4.97)
V (0)1/m2 = v0(ǫ) = −
4− ǫ− 2 ǫ2
6− 4ǫ , (4.98)
V(1)1/m2 =
[(
µ2
q2
)ǫ
− 1
]
1
ǫ
(
7
3
CF − 11
6
CA + β0 v0(ǫ)
)
+
[(
µ2
m2
)ǫ
− 1
]
1
ǫ
(
CF
3
+
CA
2
)
+
(
µ2
q2
)ǫ
v(1)q (ǫ) +
(
µ2
m2
)ǫ
v(1)m (ǫ) . (4.99)
The one-loop coefficients (expanded up to O(ǫ)) are given by
v(1)p (ǫ) =
31
9
CA − 20
9
TFnf + ǫ
{(
188
27
− 19π
2
36
)
CA +
(
− 112
27
+
π2
9
)
TFnf
}
+O(ǫ2) , (4.100)
v(1)q (ǫ) = −
CF
3
− 11
27
CA +
40
27
TFnf (4.101)
+ ǫ
{(
− 419
81
+
77π2
216
)
CA +
(
2− 7π
2
36
)
CF +
(
274
81
− 2π
2
27
)
TFnf
}
+O(ǫ2) ,
v(1)m (ǫ) = −
CF
3
− 29
9
CA +
4
15
TF + ǫ
{(
379
54
+
π2
24
)
CA +
(
− 10 + π
2
36
)
CF
}
+O(ǫ2) , (4.102)
where now the 1/m2 pieces of the subtraction term (4.59) have been added so that there
are no 1/ǫ poles. The four-dimensional expressions v
(1)
i (ǫ = 0) for i = {q,m, p} agree
with those obtained from [41,59], and the O(ǫ) term agrees with [59].
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Figure 10: One-loop vertex renormalization of the NRQCD current.
4.6 Matching of the NRQCD vector current
Having determined the matching coefficients of the PNRQCD Lagrangian we now return
to the question whether the NRQCD spin-triplet current is renormalized when it is
matched to PNRQCD. In general, we may write, in analogy with (3.1),
ψ†σiχ|NRQCD = c˜v ψ
†σiχ|PNRQCD +
d˜v1
6m2
ψ†σiD2χ|PNRQCD + . . . , (4.103)
ψ†σiD2χ|NRQCD = d˜v2 ψ
†σiD2χ|PNRQCD + . . . . (4.104)
Non-trivial (c˜v, d˜v2 6= 1, d˜v1 6= 0) PNRQCD matching coefficients of the currents can arise
from three sources: (1) Soft loops not accounted in the matching of the Lagrangian. This
implies that the soft loop momentum must flow through the external current vertex. (2)
Off-shell effects. Since the PNRQCD Lagrangian is matched on-shell, off-shell effects
that are not reproduced by the Lagrangian interactions must be absorbed into a renor-
malization of the external currents. (3) O(ǫ) terms of soft loops contributing to the
matching of the Lagrangian that multiply 1/ǫ poles of PNRQCD loops are local and
must be absorbed into a renormalization of the external currents, when the PNRQCD
matching coefficients (the potentials) are defined in four dimensions. As discussed before,
we choose to work with d-dimensional potentials, hence these contributions are included
in the PNRQCD calculation without a modification of the external current. We shall
now prove that there is also no further renormalization of the currents from (1) and (2),
that is, c˜v = 1 to three loops, and d˜v1 = 0, d˜v2 = 1 at one loop.
17
We first consider the issue (1) of soft renormalization of the NRQCD currents. The
relevant vertex diagram at the one-loop order is shown in figure 10 with external momenta
q = (2m + E, 0), p1 =
q
2
+ p = (m + E/2,p) and p2 =
q
2
− p = (m + E/2,−p), and
p21 = p
2
2 = m
2. The NRQCD expression is
ANRQCD = (igs)
2CF µ˜
2ǫ
∫
ddk
(2π)d
−i
k2
i
E
2
+ k0 − (p+k)2
2m
−i
E
2
− k0 − (p+k)2
2m
× poly(p,k) ,
(4.105)
17The arguments presented make it clear that this should remain true to any order in perturbation
theory.
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Figure 11: Planar 2-loop vertex renormalization of the NRQCD current.
where the +iǫ prescription for the propagators is left implicit. The unspecified polyno-
mial factor arises from derivatives in the subleading NRQCD interactions or from the
subleading external current.
Power-counting for soft loop momentum k0 ∼ k ∼ mv shows that this integral gives
rise to a O(αs) correction to c˜v, d˜v1, d˜v2. However, in the soft region we pick the pole
at k0 = −|k| + iǫ of the gluon propagator and expand the two quark propagators in
E and (p + k)2/(2m). The resulting integral
∫
dd−1k/|k|3 × poly(p,k) is scaleless and
vanishes in dimensional regularization. This holds to any order in the expansion in
the soft region [14], hence there is no soft one-loop correction to the matching of the
PNRQCD currents.
Moving to the two-loop level, we consider as an example the planar vertex diagram in
figure 11. The momentum regions of interest are s-s and s-p, where the first letter refers
to the inner vertex subgraph and loop momentum l, the second to the box subgraph and
loop momentum k. The p-s combination is not relevant, since the soft loop does not flow
through the external vertex. Such contributions are included in the one-loop potentials.
The inner vertex subdiagram in the s-s and s-p regions is an expression similar to (4.105)
with k → k + l in the quark propagator and k2 → l2 in the gluon propagator. Picking
up the gluon propagator pole results in∫
dd−1l
(2π)d−1
1
|l| (k0 − |l|)2 (4.106)
for the inner integral. Now, in the s-p region k is potential, and k0 ∼ mv2 ≪ |l| must
be expanded, in which case the integral is scaleless as before. If, as in the s-s region,
k is also soft, then the k0-integration picks up the pole of the second gluon propagator
at k0 = −|k| + iǫ and the entire 2-loop integral is scaleless. This discussion evidently
applies to all 2-loop vertex diagrams. Since the vanishing of the integrals is due to the
analytic structure of the propagator denominators, it generalizes to higher orders in the
velocity expansion, which contains higher powers of the same propagators and numerator
polynomials. Hence, we conclude that there are no s-p and s-s contributions to two-loop
vertex diagrams in any order in the threshold expansion, in accordance with the results
of [14], and hence no soft renormalization of the currents at two loops.
The structure of the analysis extends to higher loop orders. Either one of the inner
sub-graphs is scaleless, because an outer loop momentum is potential. Or the entire
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diagram is soft and scaleless, because the external quark momenta are potential. We
therefore conclude that there is no contribution to the matching of the NRQCD currents
to PNRQCD from soft loops (item (1)).
We now turn to the discussion of off-shell effects, item (2), and start again with the
one-loop diagram shown in figure 10. Now, however, the loop momentum is potential,
and we have to compare the NRQCD potential contribution contained in (4.105) with
the PNRQCD expression
APNRQCD = (igs)
2CF µ˜
2ǫ
∫
dd−1k
(2π)d−1
1
k2
1
E − (p+k)2
m
× poly′(p,k) , (4.107)
which arises from the single insertion of the tree-level PNRQCD potential and the O(αs)
term of the Coulomb Green function. The factor 1/k2 corresponds to the Coulomb
potential insertion, while higher-order potentials as well as derivative factors from the
external current are contained in the unspecified polynomial. The potential contribution
in NRQCD is defined as the contribution from the quark-propagator pole at k0 = E/2−
(p+ k)2/(2m) + iǫ in (4.105).
The difference ∆A between ANRQCD and APNRQCD contributes to the matching of the
external current and arises as follows: when the tree-level PNRQCD potential is derived
from the one-gluon exchange diagram, the external quark lines are assumed on-shell,
which implies p2 = (p + k)2 and Ep+k − Ep = k0 = 0 with the momentum assignment
as in figure 10. However, no such restrictions are imposed on the loop momentum k in
the calculation of the NRQCD diagram, figure 10. Thus the difference between ANRQCD
and APNRQCD comes from the expansion of the gluon propagator in the potential region
1
k2
− 1−k2 = −
[k0]2
k4
+O(v2), (4.108)
and the difference of polynomial factors, which after a short computation can be deter-
mined to be
poly(p,k)− poly′(p,k) = p
2
2m2
− (p+ k)
2
2m2
+O(v4) . (4.109)
Note that the leading contribution to ANRQCD and APNRQCD is of order αs/v. The terms
neglected in (4.108) and (4.109) are therefore of order αsv
3. These are fourth-order
corrections to the cross section beyond the accuracy we aim at. In total, we arrive at
∆A = (igs)
2CF µ˜
2ǫ
∫
dd−1k
(2π)d−1
1
k2
1
E − (p+k)2
m
×
{
p2
2m2
− (p+ k)
2
2m2
− [k
0]2
k2
}
|k0=E
2
− (p+k)2
2m
= (igs)
2CF µ˜
2ǫ
∫
dd−1k
(2π)d−1
1
k2
1
2k0
×
{
k0
m
− [k
0]2
k2
}
|k0=E
2
− (p+k)2
2m
. (4.110)
To arrive at the second line we used that the on-shell condition implies E = Ep +
E−p = p2/m. The two terms in curly brackets each cancel the heavy-quark propagator
denominator 1/(2k0), after which the integral is scaleless and vanishes. This must be so,
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Figure 12: One-loop box diagram, whose potential region is not completely reproduced
by PNRQCD with potentials matched at tree-level.
since a non-zero contribution to ∆A at this order would have scaled as αsv, but there is
no O(v) production current.
That off-shell effects from the potential region are relevant in general can be seen from
the calculation of the 1/m-potential at O(α2s). The potential region of the one-loop box
diagram shown in figure 12 is not completely reproduced by PNRQCD. The difference
is a contribution to the 1/m potential, that is, a PNRQCD matching coefficient, which
is crucial to obtain the gauge-invariant result given in [24] and (4.72). The difference
between the box and the vertex diagram discussed above is that the box loop integral is
not scaleless after the cancellation of the quark propagator by the off-shell terms, since
there is a second gluon propagator 1/(k+ p− p′)2.
Returning to the vertex diagrams, we now consider the planar two-loop diagram of
figure 11 in the p-p and p-s region, where the first letter refers again to the inner vertex
subgraph. The corresponding PNRQCD diagrams are the two-loop vertex diagram with
tree-level potentials and a one-loop vertex diagram with insertion of a one-loop potential,
respectively. The off-shell terms of the NRQCD diagram in the p-p region are precisely
the ones that contribute to the 1/m potential discussed in the previous paragraph; they
are correctly reproduced by the PNRQCD diagram with the insertion of the 1/m poten-
tial. The off-shell terms in the p-s region have a similar origin as in the one-loop vertex
diagram. The soft box graph gives rise to a one-loop potential, but since the potentials
are matched on-shell, the soft box graph is not completely reproduced when it appears as
a subgraph in a larger diagram. Since the leading p-s region is O(α2s/v), if all the off-shell
corrections were of order v2 relative to the leading term as in (4.108), (4.109), we could
immediately dismiss them, since there is no O(α2sv) hard vertex correction into which it
could be absorbed. This is indeed true for the planar diagram but not in general.
As an example, we consider the non-planar NRQCD two-loop diagram shown in
figure 13, which (neglecting constant factors) is given by the expression∫
ddk
(2π)d
ddl
(2π)d
i
E
2
+ k0 − (p+k)2
2m
−i
E
2
− k0 − (p+k)2
2m
×
× i
E
2
+ l0 − (p+l)2
2m
−i
E
2
− k0 + l0 − (p+k−l)2
2m
1
l2 (l − k)2 . (4.111)
In the p-s region18 the l-integral for the soft crossed-box subdiagram is exactly the same
18The p-p region is zero for the non-planar diagram.
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Figure 13: Non-planar 2-loop vertex renormalization of the NRQCD current.
that appears in the computation of the one-loop Coulomb and 1/m potentials except for
the additional k0 in the last quark propagator that is absent when the quark lines of the
inner vertex subgraph are on-shell (see discussion above). Since k is potential, k0 ∼ mv2
must be expanded relative to l0 ∼ mv, which results in a series of corrections beginning
at O(v). If this off-shell correction were non-zero, it would result in a NNLO O(α2s)
contribution to the coefficient function c˜v. However, as k is potential, the k
0-integral is
the contribution from the pole of the quark propagator in the first line of (4.111). Thus,
in complete analogy with the discussion of the one-loop vertex diagram, the expansion
in k0 cancels the remaining quark propagator and renders the k-integral scaleless. This
cancellation is generic for all two-loop vertex diagrams in the p-s region.
The structure of the argument extends to the 3-loop order. The possible off-shell
terms are either already accounted in the matching of subleading potentials; or an in-
ner vertex subgraph becomes scaleless due to a cancellation of the remaining quark-
propagator of a potential loop. Hence, we conclude that there is no contribution to the
matching of the NRQCD currents to PNRQCD from off-shell terms (item (2)), at least
up to the NNNLO order.
4.7 Equation of motion identities for current and potential in-
sertions
The integrals for PNRQCD diagrams with insertions of potentials or external currents
such as (4.10) can sometimes be simplified by the equation of motion for the PNRQCD
quark-antiquark propagator. We will make use of this to reduce the number of inde-
pendent insertions that need to be calculated (in part II of the paper), and provide the
relevant identities here.
In the present context the equation of motion is the Lippmann-Schwinger equation
(4.5) for the colour-singlet Coulomb Green function written in the form
p22
m
G0(p1,p2;E) = E G0(p1,p2;E) + (2π)
d−1 δ(d−1)(p1 − p2)
+ 4παsCF µ˜
2ǫ
∫
dd−1k
(2π)d−1
1
(k− p2)2 G0(p1,k;E) . (4.112)
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In the remainder of this subsection we drop the energy argument of the Green function,
which is always E, and set µ˜ = 1 to simplify the notation.
As our first example we consider the insertion of the subleading derivative current
(3.44) into one of the vertices. The relevant integral is
∫ 2∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)
p22
m2
=
E
m
∫ 2∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2) +
1
m
∫
dd−1p1
(2π)d−1
+
4παsCF
m
∫ 2∏
i=1
dd−1pi
(2π)d−1
dd−1k
(2π)d−1
1
(k− p2)2 G0(p1,k) . (4.113)
The second term on the right-hand side is a scaleless integral. The third one is seen to
contain
∫
dd−1p2/p22 = 0 after shifting p2 → p2 + k. Hence, the insertion of p22/m2 can
be replaced by the factor E/m. This holds true in expressions of the form
∫ [∏
i
dd−1pi
(2π)d−1
]
p21
m2
iG0(p1,p2)iδV1(p2,p3)iG0(p3,p4) iδV2(p4,p5)iG0(p5,p6) . . .
(4.114)
that contain multiple potential insertions. This shows that the unrenormalized, dimen-
sionally regulated matrix element of the subleading external current operator ψ†σiD2χ
is −mE times the unrenormalized matrix element of the leading-order current ψ†σiχ,
which has been used in (1.2).
As our second example we consider the insertion of the p2/(m2q2) potential. With
q = p3 − p2 we find∫ 4∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)
p22
m2q2
G0(p3,p4)
=
E
m
∫ 4∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)
1
q2
G0(p3,p4) +
1
m
∫ ∏
i=1,3,4
dd−1pi
(2π)d−1
G0(p3,p4)
(p1 − p3)2
+
4παsCF
m
∫ 4∏
i=1
dd−1pi
(2π)d−1
dd−1k
(2π)d−1
G0(p1,k)
1
(k− p2)2
1
(p2 − p3)2 G0(p3,p4)
=
∫ 4∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)
[
E
m
1
q2
+
παsCF
2m
k(0)
[q2]
1
2
+ǫ
]
G0(p3,p4) . (4.115)
The final expression follows, since the second term on the left-hand side of the first
equation contains the scaleless p1-integral, while in the third term the integration over
p2 can be performed with the help of the integral
µ˜2ǫ
∫
dd−1k
(2π)d−1
1
[k2]1+u(q− k)2 ≡
1
[q2]
1
2
+u+ǫ
k(u)
8
(4.116)
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with
k(u) = µ2ǫ
eγEǫ Γ(1
2
+ u+ ǫ)Γ(1
2
− u− ǫ)Γ(1
2
− ǫ)
π
3
2 Γ(1 + u)Γ(1− u− 2ǫ) , (4.117)
whose general form for u 6= 0 will be needed below. This shows that the insertion of the
p2/(m2q2) potential can be eliminated in favour of the insertion of the Coulomb and the
d-dimensional 1/(m|q|) potential.
In the general case, after applying the spin projection, only six different types of
insertions are needed for the NNNLO calculation:
1
q2
(
µ2
q2
)aǫ
,
1
|q|
(
µ2
q2
)aǫ
,
(
µ2
q2
)aǫ
,
p2 + p′ 2
2q2
(
µ2
q2
)aǫ
, p4δ(d−1)(q), p2δ(d−1)(q) . (4.118)
The first four come from the potentials in (4.95), the fifth is the kinetic energy correction
and the last might be used for the conversion of the pole scheme to threshold mass scheme
as discussed in paper II.19 The identities given below show that the last three types of
insertions can be reduced by using the equation of motion to the first three and the
delta-function potential δ(d−1)(q) without factors of p2. At third order, both, single
insertions and double insertions with an additional Coulomb potential insertion have to
be considered. For the single insertions, the equation of motion relations read:
δ(d−1)(q)
p22
m
:
∫ 4∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)(2π)
d−1δ(d−1)(q)
p22
m
G0(p3,p4)
= E
∫ 3∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)G0(p2,p3) +
∫ 2∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)
+ 4πCFαs
∫ 4∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)
1
q2
G0(p3,p4), (4.119)
δ(d−1)(q)
p42
m3
:
∫ 4∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)(2π)
d−1δ(d−1)(q)
p42
m3
G0(p3,p4)
=
E2
m
∫ 3∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)G0(p2,p3) +
2E
m
∫ 2∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)
+
8πCFαsE
m
∫ 4∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)
1
q2
G0(p3,p4)
+
(4πCFαs)
2
m
∫ 4∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)
1
[q2]
1
2
+ǫ
k(0)
8
G0(p3,p4), (4.120)
19As a matter of fact, the implementation will be done in a different way, and the result is given here
only for completeness.
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p22 + p
2
3
2m2q2
:
∫ 4∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)
p22 + p
2
3
2m2q2
G0(p3,p4) (4.121)
=
∫ 4∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)
[
E
m
1
q2
+
πCFαs
2m
k(0)
[q2]
1
2
+ǫ
]
G0(p3,p4).
The delta-function potential δ(d−1)(q) appears implicitly in the first two relations in in-
tegrands of the form G0(p1,p2)G0(p2,p3), where the delta-function has been eliminated
to set two arguments equal. The equation of motion identities for the double insertions
with a Coulomb potential (with q1 = p3 − p2 and q2 = p5 − p4) read:
δ(d−1)(q1)
p22
m
:
∫ 6∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)(2π)
d−1δ(d−1)(q1)
p22
m
G0(p3,p4)G0(p5,p6)
[q22]
1+u
= E
∫ ∏
i=1,3−6
dd−1pi
(2π)d−1
G0(p1,p3)
G0(p3,p4)G0(p5,p6)
[q22]
1+u
+
∫ 4∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)G0(p3,p4)
[q21]
1+u
+ 4πCFαs
∫ 6∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)
1
q21
G0(p3,p4)G0(p5,p6)
[q22]
1+u
, (4.122)
δ(d−1)(q1)
p42
m3
:
∫ 6∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)(2π)
d−1δ(d−1)(q1)
p42
m3
G0(p3,p4)G0(p5,p6)
[q22]
1+u
=
E2
m
∫ ∏
i=1,3−6
dd−1pi
(2π)d−1
G0(p1,p3)
G0(p3,p4)G0(p5,p6)
[q22]
1+u
+
∫ 4∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)
[
2E
m
1
[q21]
1+u
+
πCFαs
2m
k(u)
[q21]
1
2
+u+ǫ
]
G0(p3,p4)
+ 4πCFαs
∫ 6∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)
[
2E
m
1
q21
+
πCFαs
2m
k(0)
[q21]
1
2
+ǫ
]
×G0(p3,p4)G0(p5,p6)
[q22]
1+u
, (4.123)
p22 + p
2
3
2m2q21
:
∫ 6∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)
p22 + p
2
3
2m2q21
G0(p3,p4)G0(p5,p6)
[q22]
1+u
=
∫ 6∏
i=1
dd−1pi
(2π)d−1
G0(p1,p2)
[
E
m
1
q21
+
πCFαs
2m
k(0)
[q21]
1
2
+ǫ
]
G0(p3,p4)G0(p5,p6)
[q22]
1+u
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+
k(u)
16m
∫ 4∏
i=1
dd−1p
(2π)d−1
G0(p1,p2)G0(p3,p4)
[q21]
1
2
+u+ǫ
. (4.124)
We note that we have kept the insertion of the Coulomb potential in the more gen-
eral form 1/[q22]
1+u, since in the double insertions we may also need the d-dimensional
Coulomb potential, implying u = ǫ.
4.8 Ultrasoft interaction
At third order there is for the first time a contribution from an ultrasoft loop momen-
tum region. The ultrasoft correction to the heavy-quark correlation function has been
computed separately in [52] and will be incorporated in the results shown in paper II.
Here we provide a short overview of the ultrasoft calculation and discuss some issues of
the factorization, which are important to understand the splitting of various divergent
parts.
The relevant ultrasoft interaction terms in the PNRQCD Lagrangian (4.1) are given
by
gsψ
†(x)
[
A0(t, 0)− x · E(t, 0)
]
ψ(x) + gsχ
†(x)
[
A0(t, 0)− x · E(t, 0)
]
χ(x). (4.125)
The derivation of the chromoelectric dipole interaction from the multipole expansion
of the NRQCD Lagrangian can be found in [95]. The interaction with A0(t, 0) can
be removed by a field redefinition involving a time-like Wilson line. This modifies the
external current that creates the heavy-quark pair, as discussed in [97]. In the present
case of colour-singlet production in e+e− collisions the Wilson lines cancel, and the
A0(t, 0) terms in (4.125) can be dropped. With x ∼ 1/v, and gsE ∼ v9/2 for ultrasoft
gluon fields, it follows that the chromoelectric dipole interaction is suppressed by v3/2
relative to the kinetic term in the action. Two ultrasoft interaction vertices are required
to form a loop, from which it follows that the leading ultrasoft contribution arises first
at the third order.
The ultrasoft correction can be expressed in the form
δusG(E) = ig2sCF
∫
d3r d3r′
∫
d4k
(2π)4
[
k20 r · r′ − (r · k)(r′ · k)
k2 + iε
×G(1)0 (0, r;E)G(8)0 (r, r′;E − k0)G(1)0 (r′, 0;E)
]
, (4.126)
with the understanding that one picks up only the pole at k0 = |k| − iǫ in the gluon
propagator. Here G
(1)
0 is the colour-singlet and G
(8)
C the colour-octet Coulomb Green
function (4.5). However, as explained in [49], this expression cannot be used in practice,
because it is ultraviolet (UV) divergent. The regularization and subtraction of diver-
gences must be done consistently with the calculation of potential insertions and hard
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matching coefficients, which have been done in dimensional regularization. In order to
apply dimensional regularization to the ultrasoft contribution, (4.126) is transformed
to momentum space. It also turns out to be convenient to revert the derivation of the
PNRQCD ultrasoft interaction (4.125) and to instead use the NRQCD vertices. The
reason for this is that the derivation of (4.125) uses the PNRQCD equation of motion,
which reshuffles the loop expansion, and employs four-dimensional identities [95]. The
correspondence between UV divergences in the ultrasoft calculation and IR divergences
in the potential and hard matching calculations is more directly seen at the level of
NRQCD diagrams, and the correct evaluation of the finite terms requires the consistent
use of dimensional regularization in every loop order.
The UV divergences arise from the integral over the three-momentum k of the ultra-
soft gluon, and from the subsequent potential loop integrations. The former divergence
is related to the factorization of the ultrasoft scale from the other scales, and cancels
when all pieces of the calculation are added. The UV-divergent part of the ultrasoft
integral has the form of a single insertion of a third-order potential and of a one-loop
correction to the coefficient dv of the derivative current in (3.45). We therefore define the
ultrasoft correction by adding counterterms that cancel these ultrasoft subdivergences.
With these subtractions, the ultrasoft correction reads [49]
δusG(E) =
[
µ˜2ǫ
]2 ∫ dd−1ℓ
(2π)d−1
dd−1ℓ′
(2π)d−1
{
δddivv (−1)
ℓ
2 + ℓ′ 2
6m2
G
(1)
0 (ℓ, ℓ
′;E)
+
[
µ˜2ǫ
]2 ∫ dd−1p
(2π)d−1
dd−1p′
(2π)d−1
G
(1)
0 (ℓ,p;E) i
[
δU − δVc.t.
]
iG
(1)
0 (p
′, ℓ′;E)
}
. (4.127)
Here δVc.t. represents the potential subtraction (4.59), and δU is the ultrasoft inser-
tion (containing the octet Green function).20 The first line of (4.127) is related to the
renormalization of the 1/m2 suppressed vector current ji1/m2 = ψ
†σiD2χ. If [j1/m2 ]ren =
Z1/m2 [j1/m2 ]bare, the one-loop counterterm Z1/m2 − 1 equals the infrared divergence δddivv
that was subtracted to obtain the finite expression (3.45). The explicit expression is
δddivv = Z1/m2 − 1 = −
αs
4π
16CF
ǫ
. (4.128)
The remaining divergences are associated with the three-loop hard matching coefficient
c3. Note that this divergence structure implies that the NRQCD current mixes with the
1/m2 suppressed current through ultrasoft interactions. Schematically,
T
(
ψ†σiχ,
[∫
d4xLus
]2)
|us
= const× αs
ǫ
1
6m2
ψ†σiD2χ+ . . . , (4.129)
where the ellipses denote the remaining divergences related to time-ordered products
with potentials and the leading-power current itself.
20Note that we define δU with an opposite sign compared to [49].
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The subtracted expression is then simplified and reduced to a number of integrations
that can mostly be done only numerically. The code that computes the ultrasoft correc-
tion was developed in conjunction with [52], and is implemented in our program for the
third-order cross section.
5 Master formula for the third-order cross section
We have now collected all prerequisites to write down the expansion of the non-relativistic
correlation function
G(E) =
i
2Nc(d− 1)
∫
ddx eiEx
0 〈0| T ( [χ†σiψ](x) [ψ†σiχ](0))|0〉|PNRQCD (5.1)
(see (3.3)) to third order in non-relativistic (PNRQCD) perturbation theory. Adopting
the operator notation from section 4.2.2, the expansion is given by
G(E) = G0(E) + δ1G(E) + δ2G(E) + δ3G(E) + . . . (5.2)
with G0(E) = 〈0|Gˆ0(E)|0〉 = G0(0, 0;E) as given in (4.53), and
δ1G(E) = 〈0|Gˆ0(E)iδV1iGˆ0(E)|0〉, (5.3)
δ2G(E) = 〈0|Gˆ0(E)iδV1iGˆ0(E)iδV1iGˆ0(E)|0〉+ 〈0|Gˆ0(E)iδV2iGˆ0(E)|0〉, (5.4)
δ3G(E) = 〈0|Gˆ0(E)iδV1iGˆ0(E)iδV1iGˆ0(E)iδV1iGˆ0(E)|0〉
+2〈0|Gˆ0(E)iδV1iGˆ0(E)iδV2iGˆ0(E)|0〉+ 〈0|Gˆ0(E)iδV3iGˆ0(E)|0〉
+ δusG(E) . (5.5)
In momentum space these expressions are of the from of single and multiple insertions
of potentials as defined in (4.10) plus the ultrasoft correction. δVn denotes a potential
correction of order n. The first-order potential consists only of the one-loop correction
to the Coulomb potential:
δV1 = −4παsCF
q2
Vˆ(1)C . (5.6)
At second order, we have the two-loop Coulomb potential, the one-loop 1/(m|q|) po-
tential and the v2-suppressed potentials at tree-level. Together with the kinetic-energy
correction, we obtain
δV2 = −4παsCF
q2
[
Vˆ(2)C − Vˆ(1)1/m
π2 |q|
m
+ Vˆ(0)1/m2
q2
m2
+ Vˆ(0)p
p2 + p′ 2
2m2
]
− 2× p
4
8m3
(2π)d−1δ(d−1)(q). (5.7)
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The notation for the potentials is defined in (4.95), where also the explicit expressions
are given. Note that different from (4.58) the n-loop potential Vˆ(n)X includes the coupling
constant factor, i.e. Vˆ(n)X =
(
αs
4π
)n V(n)X . There are no new potentials appearing at third
order, hence
δV3 = −4παsCF
q2
[
Vˆ(3)C − Vˆ(2)1/m
π2 |q|
m
+ Vˆ(1)1/m2
q2
m2
+ Vˆ(1)p
p2 + p′ 2
2m2
]
. (5.8)
Note that there is no kinetic-energy term in δV3, because the kinetic energy term in the
Lagrangian is not renormalized.
These potentials appear as single insertions in δnG(E). In addition, δnG(E) receives
contributions from multiple insertions of the lower-order potentials. To complete the
perturbative expansion of the third-order cross section, the expansion (5.2) of the Green
function is inserted into (1.2),
R = 12πe2t Im
[
Nc
2m2
(
cv
[
cv − E
m
(
cv +
dv
3
)]
G(E) + . . .
)]
. (5.9)
The coefficient functions cv and dv are likewise expanded, and product terms of order
higher than three in non-relativistic perturbation theory are dropped. Note that E/m ∼
v2 counts as second order in this expansion.
This work concerns the third-order correction δ3G(E). The triple insertion of the first-
order Coulomb potential is algebraically complicated but has no UV or IR divergences
and can therefore be computed numerically as done in [45]. The ultrasoft correction was
obtained in [52]. In part II of the present work we will give the details of the calculation
of the remaining single and double insertions in the second line of (5.5) in dimensional
regularization as is necessary for a consistent combination with the matching calculations
performed and summarized in part I. A more precise master formula for the third-order
correction to the Green function that accounts for the pole structure of the d-dimensional
potentials will be given in part II.
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